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Abstract

Consider a Holder continuous potential ¢ defined on the full shift AN where A is
afinite alphabet. Let X C A" be a specified sofic subshift. Itis well known that
there is a unique Gibbs measure pg on X associated with ¢. In addition, there
is a natural nested sequence of subshifts of finite type (X,,) converging to
the sofic subshift X. To this sequence we can associate a sequence of Gibbs
measures (iy). In this paper, we prove that these measures converge weakly
at exponential speed to i, (in the classical distance metrizing weak topology).
We also establish a mixing property that implies that 14 is Bernoulli. Finally,
we prove that the measure-theoretic entropy of uy converges to the one of
g exponentially fast. We indicate how to extend our results to more general
subshifts and potentials.

Mathematics Subject Classification: 37D35, 37B10

1. Introduction

The existence and uniqueness of equilibrium states/Gibbs measures associated with sufficiently
regular potentials is established in the general context of expansive homeomorphisms acting on
a compact metric space satisfying specification [1, 8]. This class of systems contains subshifts
of finite type (coding axiom A diffeomorphisms) but more generally all specified subshifts
such as topologically mixing sofic subshifts (on finite alphabets).

The usual way of proving existence and uniqueness is to construct a sequence of
elementary Gibbs measures (which are atomic) and to argue that such a sequence must have
an accumulation point in the weak topology. Then one proves that this accumulation point
is unique. In the particular case of subshifts of finite types and Holder continuous potentials,
there is a complete theory of Gibbs measures [2].

The point of view adopted here for studying Gibbs measures on a specified subshift X
is to approximate it using a nested sequence of subshifts of finite type (X,,) in the sense of a
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Hausdorff metric (there is a canonical way to do this). This gives a natural sequence of Gibbs
measures (finite type approximations) which converges weakly to a Gibbs measure whose
properties we wish to analyse.

For the sake of definiteness, we assume that the given potential, ¢, on AN (A is a finite
alphabet) is Holder continuous and X C AN is a specified sofic subshift. As we shall comment
at the end of the paper, we are not restricted to that situation. The two crucial properties on
which our method relies are specification and the presence of magic words (see definitions
below). Sofic subshifts provide a natural class of subshifts with such properties.

Our main result can be phrased as follows: the sequence of finite type approximations
(ug’) defined on (X,,) converges weakly, as X,, — X, to a measure 1, at an exponential
speed. Then this measure must be a Gibbs measure associated with ¢. Moreover, we prove a
strong mixing property (implying that 4 is Bernoulli). By a classical argument (Bowen), this
implies uniqueness. We also prove that the measure-theoretic entropy /(i ) convergences to
h(ps) exponentially fast (as well as the relative entropy /(g | ug‘)) to 0. We use and prove
the fact that the topological pressure P (¢, X,,) converges to P (¢, X) exponentially fast.

We use two tools. The first one is algebraic (contraction properties of iteration of primitive
matrices with respect to the projective metric); the second one is symbolic dynamics. All our
constants have explicit expressions in terms of the ‘data’ of the problem, that is, the cardinality
of the alphabet, the supremum norm of the potential, its Holder constants and the specification
length of the subshift X.

We would like to mention some related papers. First of all, the paper [7] where the
author is concerned with measures of maximal entropy. Informally speaking, the author states
some sufficient conditions on the way a subshift is approximated in ‘entropy’ by subshifts of
finite type so that the corresponding sequence of measure of maximal entropy has a unique
limit. The main tool is graph theory. Second, let us mention the paper [3] where the authors
estimate from above the d-distance between a chain with complete connections and its Markov
approximations, but X,, = X = AN. They use a coupling approach. Third, there is a
construction of certain Gibbs measures on an arbitrary subshift of AN by means of Markov
approximations similar to ours appearing in [13]. But only the weak convergence of these
approximations is proved since the author is concerned with existence and uniqueness.

The paper is organized as follows. In section 2 we record basic definitions and notations.
Section 3 contains our main results. Section 4 is devoted to some preparatory lemmas
that we use for the proof of our main results in section 5. In section 6 we indicate some
straightforward generalizations of our results as well as examples. We can indeed handle
potentials with polynomial variations (decaying fast enough). Consequently, the exponential
speeds mentioned above become polynomial. We can also deal with more general specified
subshifts (for instance, non-sofic but specified S-shifts).

2. Preliminary notions

2.1. Symbolic dynamics

Let A be a finite alphabet. For all integers m, n, m < n, in Ny (Np := N U {0}), we denote by
a(m : n) the word a(m)a(m + 1) ---a(n — 1)a(n) of lengthn —m + 1. Let 0 < 6 < 1. The
distance

ds(a, b) := 0"@D where n(a, b) ;== min{n > 0:2a(0: n) # b0 : n)}

makes the Cartesian product AN a compact metric space.
As usual, the shift transformation T : AN — AN is the map such that Ta(i) = a(i + 1).
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A subshift is a T-invariant compact set X C AN. The subshift X is said to be of finite
type, if it is defined by a finite collection of admissible words, which can be taken to be of
the same length for the sake of simplicity (and without loss of generality). So, the subshift of
finite type defined by the collection £ C A™*! of admissible words is the compact set

Ac:={aec AV :a(j: j+n) e L V] e Ny}
For a given subshift of finite type X C AY, the order of the subshift is the smallest integer
n € N such that X is defined by a collection of admissible words of length n.

A sequence a € X is periodic of period p > 1 if TPa = a, and this is its minimal period
if in addition 7*a # a whenever 0 < k < p. We will denote by Per, (X) the collection of all
periodic sequences of period p in X.

For a general subshift X ¢ AN and n > 0, the collection of X-admissible words of length
m + 1 is the set

Ln(X):={a(0:m):ae X}.
A sofic subshift X C A" is a continuous T-invariant image of a subshift of finite type. More
precisely, let Y C AN be a subshift of finite type, B a finite alphabet and TT : ¥ — BN a
continuous map (with respect to the distances d4 and dg), commuting with 7. The image
X = TI(Y), which in general is not of finite type, is a sofic subshift.

A more convenient way of characterizing a sofic subshift is as follows. Let X ¢ AN be a
subshift, and let £*(X) := U2 £, (X) be the language defined by X. For each a € £*(X) let
f(@) :=1{b e L*: ab € L*} be the set of followers of a, and p(a) := {b € L* : ba € L*}
the set of predecessors of a. The subshift X is sofic if { f(a) : a € £*} is a finite collection,
in which case {p(a) : a € £*} is finite as well [11].

A word a € L* is a magic word for X if b € p(a) and ¢ € f(a) implies bac € L*. Ttis a
direct consequence of the finiteness of the collection of followers that every sofic subshift has
a magic word (see [11, p 148]).

For a general subshift X ¢ A" and an X-admissible word a € £,,(X), the set

[a]=[a(0:m)]:={be X : b(0:m)=a}
is the cylinder of length m + 1 determined by a.

The subshift X is said to be specified, with specification length £ > 1 (¢ = 0 means that
we have a full shift) if for each pair of X-admissible words a € £,,(X) and b € £,(X), and
k > £, there exists a periodic sequence ¢ of period m + n + k + 2, such that ¢(0 : m) = a and
(T"**+1¢)(0 : n) = b. Specification implies topological mixing and the abundance of periodic
orbits in the sense that periodic orbits form a dense set in X. See [5] for more details on the
specification property.

A notational remark

We shall use the symbols a, b, etc, both for infinite sequences and finite words for convenience.
To avoid any confusion we shall always specify the nature of the a or b.

2.2. Gibbs measures

The o -field generated by cylinders of X C A" coincides with the Borel o-field B(X). The set
M (X) of Borel probability measures on X is convex and compact in the weak topology. The
weak topology can be metrized with the distance (see [17, p 148])

D(u,v) = Z 2~ (m+h) Z |ula] — v[a]|

m=0 ael, (X)
We denote by My (X) the set of T -invariant probability measures on X.
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A function ¢ : AN - R is Holder continuous, w.r.t. the above defined distance, if for
some & € (0, 1) and C > 0, we have max{|¢(a) — ¢(b)| : a(0 : m) = b(0 : m)} < CO™ for
all m > 0. As usual, we shall call ¢ a potential. If ¢ = 0, one has to set C = 6 = 0 formally
in the sequel. This potential gives the measure of maximal entropy (see e.g. [11]).

For ¢ : AN — R and k € Nj define Sy¢ : AN — R as

k
Sip@) =) ¢oT' ().
i=0
Given a Holder continuous potential ¢ and a subshift X ¢ AN, u € My (X) is a Gibbs measure
for the potential ¢ if there are constants Cy x > 0 and P (¢, X) € R such that
0:k
;< pela(0 : k)] < Cox )
’ exp(Sk¢(a) — (k+ 1) P (¢, X))

foralla € X, k € Ny.

The constant P (¢, X) above is the so called topological pressure of the potential ¢. For
specified subshifts, it can be defined (see e.g. [1]) by the limit

P, X) = lim -——log |} exp(Sip@) |,

aePer; (X)

k+1

where a* € X is an arbitrary sequence in [a(0 : k + 1)].

For X of finite type and ¢ Holder continuous, there exists a unique Gibbs measure 114
(a proof of this fact can be found in [2, p 9 ff.] or [10, chapter 5]. The existence and uniqueness
of y4 for general specified subshifts is a particular instance of theorem 2.5 in [8].

3. Main results

Let X C AN be a specified subshift. The finite type approximation of order m € N, to X, is
the subshift of finite type

Xy i=Ar,xy={ae AV :a(j: j+m) e L,(X),Vj e N},
determined by the X-admissible words of length m + 1. It is easy to verify that the sequence
of compact sets {X,, },nen converges in the Hausdorff metric to X (see e.g. [5, p 111]).

On the finite type approximation X,,, the potential ¢ : AN — R determines a unique
Gibbs measure p € Mr(X,,). These measures will be used as finite type approximations of
order m of 1y € M7 (X).

Forany m € N, p € Ny, let &,y € M(X,,) be the elementary Gibbs measure with
support on Per ,,(X,,), such that

exp(S,¢ (b))
D acPer,., (x,) EXP(Sp¢ ()

for each b € Per,.1(X,,). We will use the fact [9, p 635] that each Gibbs measure ;Lg} can be
obtained as a weak limit of the sequence of elementary Gibbs measures £, ), as p — 0.
We have the following three main results.

Em,py[b] :=

Theorem 3.1 (speed of convergence of 1j). Let ¢ : AN — R be a Holder continuous
potential, and X C AN a specified sofic subshift. There exist an invariant measure
w* € Myp(X), a polynomial Qr of degree three, and constants 6gr € (0,1), m* € N
satisfying

D(uy, 1) < Qrr(m)Opy (2)

forallm > m*.
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Theorem 3.2 (‘Gibbs property’). Under the hypotheses of theorem 3.1, there exists a
constant Cy = Co(X, ¢) > 0 such that

-1 ¢ w*[a(0 : n)] <c,
£ exp(S¢a) — (n+1)P(g, X))
foreachn € Ny and a € X.

(€)

Theorem 3.3 (‘strong mixing’ property). Under the hypotheses of theorem 3.1, there exist
constants C,, > 0 and 9, € (0, 1) such that, for all a,b € L*(X) there exists s* := s*(a, b)
satisfying

* NT5[b
w*[a] p*[b]

forall s > s*.
Combining the three previous theorems we get the following one.

Theorem 3.4. Let ¢ : AN — R be a Holder continuous potential, and X C A" a specified
sofic subshift. The weak limit ;1* = lim,;,_, oo Wy s the unique Gibbs measure associated with
the potential ¢, i.e. the unique T-invariant measure on X satisfying (3). Hence pu* = .
Moreover, the finite type approximations juy converge exponentially fast to iy in the sense
of (2) and g is mixing in the sense of (4) and Bernoulli.

Proof. Theorems 3.1 and 3.2 ensure the existence of a measure p* in My (X) satisfying
inequalities (3) and having exponentially fast converging finite type approximations. To prove
uniqueness, i.e. u* = g, we can follow the last part of the proof of theorem 1.16 in [2].
The mixing property (4) implies weak Bernoullicity (see e.g. [16, p 169]). The theorem is
proved. U

We end this section with the following theorem on the speed of convergence of the entropy
h(u?) to h(ug), and the relative entropy /(g | /L’;]) to 0.

Theorem 3.5. Under the hypotheses of theorem 3.1, there exist constants C, > 0, Cp > 0,
0<6, <1land0 < 6p < 1 such that

|h(ng) — h(ug)! < Cp 6} &)
Cp
0y
1—06p °
We refer the reader to [17] for details on the entropy of invariant measures. The appendix

at the end of the paper contains the necessary information on the entropy and relative entropy
regarding our context.

h(pg | mg) < (6)

Remark 3.1. All constants appearing in the above theorems, including the coefficients of
the polynomials, have explicit (but somewhat tedious) expressions in terms of the data of the
problem, that is #A, ||¢]|, C, 6 (the Holder condition) and £ (the specification length). These
expressions are given in the proofs.

To the best of our knowledge, theorems 3.1-3.3 and 3.5 are new. The first three imply
the existence and uniqueness of 4. The only known mixing property for this measure is that
e ([al N T77[b]) converges to pgla] wug[bl, when s — oo [9]. This mixing is much less
strong than (4) and does not imply Bernoullicity. One could ask whether the sub-exponential
speed of mixing we get is optimal. Indeed, it is not the case. The reader can get convinced by
looking at the proof that we could have in (4) any power of s of the form 1 — 1/d, withd > 2,
instead of % Unfortunately, the constant C,, goes to +00 when d — oo. We believe that the
real mixing rate is exponential but our method does not allow us to prove it.
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4. Technical lemmas

In this section we establish some technical lemmas needed to prove the theorems of section 3.
We shall use some results coming from the theory of primitive matrices (projective distance,
Birkhoff’s contraction coefficient), as well as some elementary facts about the weak distance
between measures. The appendix contains these results and some related notions. From now
on we assume to know those results and notions, as well as the notation established there.

Notation

From now on, an expression of the type a = ¢*' stands for the inequalities ¢! < a < c.

Similarly a = =c stands for —c < a < c¢. By extension, a = exp(%b) will stand for
exp(—b) < a < exp(b).

Given a Holder continuous potential ¢ : AN — R, for each n € Ny we define the finite
range potential ¢" : A" — R such that

¢"(a) = max{¢(b) : b € [a]}. N

Forn > mlet Ly, ) := L£,(X,,) be the set of X,,-admissible words of length n + 1, which
of course contains £, := £, (X). Let us define the transfer matrix My ) : Lon,n) X Lonny) —
R* such that

exp(¢™*! (ab(n)) ifa(l:n)=b0:n—1),
0 otherwise.

M(m,n)(a9 b) = { (8)

For a specified subshift X, the matrix M, , is primitive with primitivity index £ + n + 1, and
has a unique maximal eigenvalue Py ny := P(M@n.n)). There are unique normalized right and
left eigenvectors Vi, ) := Va,,, and W, »y := Wy, associated with o, ).

The elementary measure &, ;) can be expressed in terms of the transfer matrices M,
as follows.

For p >m > n,anda € L, ,, we have

My (@, 2)
Emplal = "2 x exp(£2(p + DCO™). 9)
Trace(M, )
Now, given m < n,a € L, ) define R*, Ly : Ly, — R* as
R*(b) = Myl (b, a) and La(b) = M{"*!(a,b). (10)

Note that these vectors are positive.
We are able to give a uniform estimate of the values of elementary measures on cylinders,
using corollary 6.2.

Lemma 4.1. Let X C AN be a specified subshift, with specification length £, and ¢ : AN — R
be a Holder continuous potential. There are constants C¢ > 0 and 0¢ € (0, 1) such that, for
all integers m, n, p, suchthatm <n, (n+1)(n+4£+1) < panda € L, n), we have
Emp[A] = Wi (@) Vinm (@) X exp(E(p + 1) Cehe™ ).

Proof. The proof of this lemma is based on theorem 6.1 and corollary 6.1. We are interested
in bounds for the first factor of the right-hand side of (9). To this end, following corollary 6.1,
we need upper bounds for both 7 := t(M(”,;f;)l) and (1 — v)~'. By definition (see (13) in the
appendix)

1 _1 1+F_1+F
l—1 1-T  2r
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and since 0 < I < 1 in our case, we have (1 — 7)~' < I'"!. For simplicity of notation, we
set M := M

(m,n) *
Now we have

. < . M@bM@, b/))‘”2
= min - - 7
aba belw.n M(a,b)M(a',b)
(M(a, b)M(a’, b’))
aba’ bl \ M(a, b)M (', b)
Now, for arbitrary a, b, a’, b’ € L, ,) we have
M(a,b)M (', b') _ D ecanber o EXP(Suse "7 (€))
M(a,b)M(a’,b)  MiNecaxbery, ) EXP(Spred™ (€))
Zc’:a’xb’eﬁ(m,“z,,,,]) eXP(Sn+e¢n+1 (C/))
minc’:a/xb’eﬁ(,,,_gn,”l) exp(Sn+l¢n+] (c/))
< (#AD) x M),

172

X

where we set A := C/(1 — 0) from now on. Therefore

o < Ko = (e“#A) x M,
1—1
i.e.rgl—KO_l < 1.
For each m < n, letd, , be the projective distance on the simplex of dimension #L,, ),
and F{, , the transformation defined on the simplex by the transition matrix M, ., (see the
appendix). Note that

maxp MH42(b, a)/ M1 (b, a)
i) (M, R*, R*) = log ( — o :
miny, M(m,n) (b7 a)/M(m’n) (b, a)
We have
M (1,8) D embacsip PS¢ (€))
M(n"Jlr[rsl (b, a) Zc’:byaeﬂ(m_z,”““ exp(Susep™*1(¢))
— e:‘:thll (#A eC):t(l+1) eAe’
where ||¢|| ;== max{|¢(a)| : a € AN}. From this we get
max d(m,n)(F(m,n)(Ra), Ra) < Ky
acLn,n
with

K :=2((€+1)(log(#A) + C) + A0 + ||p]]).
Finally, with (10), inequalities (9) may be rewritten as

T ptl—(n+e+1)
LaM,,, R?

T p+l—(n+e+1) pp
beLonm Lb M n) R

Em,pylal = x exp(£2(p + 1)Co™),

where ‘1’ means ‘transposed’. Then, using corollary 6.2, we have

Wz-m,n)RaLIV(m,n)

g(m,[’) [a] = T T
b
Zbeﬁ(”h,,) Wy B L Vim,my

x exp(£2((p + )CO™ + KoKy (n + £+ 1)(1 — Ky HLpr/nrablyy
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where K\ and K, are given above. On the other hand we have
£+1 £4+1
LZV(m,n) = (M(nn-:y:-) V(m,n))(a) = pg;:,,:) V(m,n) (@),

£+1 i
Wi R =Wl M @) = ol w,,  (a)
and w(tn!n)v(m,n) = 1. Then, taking into accountthat p+1 > (n+ )(n+ £+ 1) and m < n,
we obtain

Em.py[A] = Winm) (@) Vi) (@) X exp(E(p + 1) Ce ™)

with C¢ :=2(C + KypK,) and ¢ := max(1l — K(;l, 0). The lemma is proved. O

Lemma4.2. Let X C AN be a specified sofic subshift and ¢ : AN — R be a Hilder
continuous potential. Then there are constants mx € N, Cx > 0 and 0x € (0, 1) such
that formx <m < p
Em,pyla]
1—(p+1DCyxor < —22— <1
XX g(m+l,p)[a]
foreach a € Per .1 (Xp41).

Proof. First note that

Spp(b
Emplal ZbePer,,,,](Xm,,l) eSr?®

Em+1,p [l B ZbePer,,,,](X,,,) eSro®

Z eSro ()
-1 bePer 41 (X \ Xm+1)
- S, (b
ZbePer,m(Xm) er?®
S erer.. rx.) EXD(S,d (b))
S1—(p+1) €Per .1 (3 Xn)

2 bepery (X, EXP(Sp@ (D))

where 0X,, :={ae X,, :a(0:m+1) & L1}
Let 0L, := Lin.m+1)\Lm+1. Using the specification property we obtain

Sy (b) S
Zbeperp+1(ax,,,> e D acar, €@

Sppd) Sm+1¢(a*
ZbePerpH(Xm) eSrt® D accimmsn) €m1P@
for any a* € [a]. We will prove that the quotient

Y acor, EXP(Sus10(a*))
Zaeﬁ(m,m+l) exp(Sn+16(a*))

is exponentially small with m. This is the point at which we use the existence of magic words.

Fix a magic word w € £; with k > £ + 1. This is always possible since for a magic
word a € L*, the concatenated word ab is again magic, for any b € fx(a) (fx(a) is the
set of followers of a, which contains arbitrary long words). Let m > 2k(k + £), so that
lm+ 1)/(k+ €+ 1)] > m/k (we will use this condition at the final step of the proof).
Note that if a € d£,,, then a(i : i + k) # w foreach 1 < i << m — k. This is because if
a(i :i+k)=wthena(0:i+k),a(@ : m+1) € L*(X), implying that a € £*(X) which
contradicts the hypothesis.

Letting g := k + £ + 1, define

ALy =1{a € Lnmen) 1a(jq 1 jg+k) #w, 0<j < [(m+1)/q] — 1}

20l o4A
5 X #Ae """ e
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It is clear that 9£,, C 0.L},. Define also
w. exp(Sp(b))

T Ybernw SXP(Skp (b))
where for each b € £y, the sequences b, b* € [b] are such that Sy (b™) = miny:¢p) Sk (b*)

and Sy (b*) = maxycm) Sk (b¥).
Letr := [(m+1)/q]. Foreach w € {0, 1}" define

€

X (#A eZWII)—E’

Loy sy =12 € Lonmer) 2 a(jq : jq +k) =wifand only if w(j) = 1}.

It is clear that the collection {L(), , .} : @ € {0, 1}"} is a partition of L m+1). Now, it follows

from the specification property that for each w € {0, 1}"

D exp(Sua ) = (€M x Y exp(Sup (7)),

bel? bed L)

(m,m+1)

where, as before, b~ € [b] minimizes S,,;1¢, and ||, = Z;;g)w(i ). From the previous

inequality we readily derive
D exp(Suad () = (1+€") x Y exp(Sung (b))
bEL i ms1) bedLy
Finally,
> acor, XP(Sme1(a%)) < > acocy eXP(Su19(a™)
D accommey KPSt @) Yacr i mar) EXP(Smr1d (a%))
Since m > 2k(k + £) then (1 +€%)™" < (1 + €)™k and the result follows with
Cx := (#A 2Pl Ox := (1 +€")~Vk, my = 2k(k +0).

The lemma is proved. g

<(A+eM™.

The following lemma is of independent interest.

Lemma 4.3. Let X C AN be a specified sofic subshiftand ¢ : AN — R be a Holder continuous
potential. Then there are constants mp € N, Cp > 0 and 0p € (0, 1) such that

0< P, Xn) — P(¢, Xpns1) < Cpbp

forallm > mp.

Proof. Proceeding as in the proof of the previous lemma, we obtain

1 D acker,(x,) EXP(Spr16(2))
0< log !
p+l 2 acPery (Xpu) EXP(Sp+10(2))
+ 1)Cx0%
< log| 1+ M
+1 1—(p+ 1)Cx6y

Cx6y
< e
1 —(p+1)Cx0y¥
form > my.
To make use of the previous inequality, we need to know the speed of convergence of

log| Y exp(S,¢(@) t0 P(¢p, Xon).

p + 1 aeper1)+](xm)
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Some computations like the ones done to prove lemma 4.1 give

Z exp(S,+1¢(a)) = Trace(M(’:;ln)) x exp(x(p + l)CG"“)

acPer, (X,,)

i byt pH—2(n+L+1)
= Z w(m,n)R LbV(m,n) X p(m,n)
beLinn

x exp(£Ce(p + DOFH)

p+l

= Pon,ny X exp(+Ce(p + 1)9‘?“)
foreachm <nand (n+1)(n + £+ 1) < p. Therefore

1 n
Tl > exp(Spp(@) | = log pu £ CeO.

acPer,.1 (Xm)
Let us now prove that {0, n)}n>m converges exponentially fast. By definition, the limit has to

be equal to exp(P (¢, X))
Let us define N : Ly ns1) X Lim.n+1y — R* such that

exp(rp"+1 (a)) ifa(l:n+1)=b(0:n),
0 otherwise.

N(a,b):{

Note that M, 51y = N exp(£CH™*!) coordinate-wise and pg, ) = exp(£CO™)py. This
can be derived easily from corollary 6.2, taking into account that py; = lim,_ oo (y | Mx)!/"
for a primitive matrix M, and arbitrary positive vectors x,y. Let v : L, ,) — R* such that

v(a) = exp(¢”+1(a)) X Vin,m(@(l : n+1)); we have

(NV)(@) = exp(@"" @) (M Vonm) @l 11 +1))

= eXP(‘P"“(a))P(m,n)V(m,n) (a(l ‘n+ 1)) = p(m,n)x(a)~
Hence, v is a positive eigenvector for the matrix N, associated with the positive eigenvalue
Pem.ny- Since N is primitive, corollary 6.2 implies that pxy = pn.»), and therefore g 41y =
exp(xC g+ P(m.n)- From this we obtain
L(m,n)
exp(P (¢, X))

Since X, D Xpu+1, then P(¢p, X)) = P(¢, X;n+1). The previous computations imply on the
other hand that

P(¢v Xm) - P((pﬂ Xm+1) <

= exp(£A0"1).

Cxoy
I —((m+2)(m+L£+2)+1)Cx0y¥
form > my, takingn =m+1and p = (n — 1)(n + £ + 1). Thus, the lemma follows with
Op := max(0, Oy, O¢),

+Celf? + O™

Cp :=2Cx + Cc0? + AO?

and mp := max(my, mg), with mg such that 2Cx((m + 2)(m + £ + 2) + 1)0y < 1 for all
m = my. The lemma is proved. |

5. Proof of the main results

This section is devoted to the proof of theorems 3.1-3.3 and 3.5.
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5.1. Proof of theorem 3.1
Lemma 4.1 implies that
Em,prn[a] = exp(E2(p +2)CebVP~HN)E, | a]

foreacha e U,E‘:Fff(z/ 2+1)J£(m,k>. Then lemma 6.1 applies, and we obtain

—(e/2+1 _
D(En.py- Empety) < (expQCe(p +2)0" ") — 1) 4 22007
<4Ce(p+2) 9§ﬁ_(m+l) +2W/2HD=vp
for each p > max(pg, (m +2)(m + £ +2)), with
po:=min{p € N: 2Cs(k + 2)95“/2_([/2“) < 1forall k > p}.

Since Y07 (p +2) Gg/ﬁ < 00, there exists a limit measure p™” := lim,_, o &g, ) belonging
to M7 (X,,). The convergence is such that

D", En.py) <AC0; D 0(/p)0)" +2022VP(/p +3)
for each p > max(pgy, (m +2)(m + £ + 2)). Here

2x(x*+3) 6(x2+1) 12x 12

OO gl T log ) log'Ge) | log' @)

Let us now prove that the limiting measure u™ coincides with the unique Gibbs measure
¢ € M7(X,,). From the specification property we can derive the inequalities

Emplal = exp [ S,p@) —log[ D exp(S,ep(b))

bePer, . (X,,)
x exp (£ (3¢||@[| log(#A) +5A)) ,

which hold for any n < p, a € L, ) and a* € [a]. On the other hand, the computations
performed in the proof of lemma 4.3 lead to the inequalities

og| > exp(Sup) | = (n+ D(P(P, X,n) = (CsO* + A6™)),
bePer,.1 (Xn)

for each m < n and n such that (n + )(n + £ + 1) < p. Since g, prnyla]l = exp(£2
x(p +2)CeovVP~/2Dyg [a], it follows by induction that
WAl = En plal x exp(E2Ce6; 0P8

—(€/2+1
foreacha e U,E;/,ﬁ /2 )Jﬁ(m,k). Therefore, foreachm < n,a € L, ), anda* € [a], we have

w"[a]
exp(S,p(@*) — (n+ 1) P(p, X))

= exp(£Cgr)

with

Crr := 2Ce0; /Y max{Q (k)% : k € N} +3¢||¢| log(#A)
+5A +max{(n + 1)(Ce0f™ + AO™") : n e N}.
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Now, for a € £,, with n < m, we obtain

prlal= Y bl

bel,, nNlal
= exp(£Crr) Z exp(Susk @ (b*) — (n +k + )P (P, X))
bE[,m),,.,.kﬂ[a]
exp[Syp(@”) — (n+ 1) P (¢, Xn) £ (Crr + L(log(#A) + [¢])) + A)]
x Z eSi-10 (") —kP (. X)

l)E»Cm.k—l

= exp[S,p(@") — (n+ 1) P (¢, X,n) £ 2Crr + L(l0g(#A) + [|p[) + A)] D p"[b]
beﬂm,k,l

= exp(Spp(@*) — (n+ 1) P(¢, Xn)) exp(£Cy)
by using the specification property, and for k sufficiently large. Here
Cy :=2Cpr +L(og(#A) + [|o]l) + A).
This way we prove that u™ satisfies ‘Gibbs inequalities’ (3). Theorem 1.16 in [2], establishes
the existence and uniqueness of the Gibbs measure M'g € Mr(X,,), implies that u™ := py'.
Let m = min{m € N : 4((k + £ + 1)> + 1)CX9§ < 1 forall k > m}, and mx be as in
lemma 4.2. From lemmas 6.2 and 4.2, and following the computations in the first part of this
proof, we obtain
D (En, im+e+1)2ys Eml, (m+e+2)2))
< D€, m+e+1)2) > Em. m+t+2)2)) + D (E i, om+e42)2)» En1, (m+0+2)2))
SAm+L+2)? + 1D)CeO ! +27" +8((m + £ +2)* + 1)Cx 0
for all m > m*, with m* = max(my, m).
Since Z:fzo(m + £ +2)>max(fg, Ox)" is finite, u* = lim,u_ oo Em, (m+e+1)2) 18 a well-
defined measure in My (X). Furthermore, the convergence is such that
D", Epn. meer1y?)) < 27y 4C Qs(m)bg +8Cx Qx(m)e)'(n_l

with
. x+L+22+1 2(x+£+2) 2
Qex) =~ logls) | lo@0)  log @)’
. x+L+2)2+1 2(x+£2+2) 2
O T g @0 o) log )

Therefore, for any m > m*, one has
D(u*, ) < D", Em mresn?) + D s Em meeryzy)) < Qrr(m)Opy
with
Orr(m) := 4Ce(0; /> Q(m) + 67" Qe (m)) +8CxO5 ' Ox (m) + (m +3)2¢/+) 42
and
Ot := max (6¢, Ox, 1).
Remark 5.1. In the previous proof, the polynomials O, Q¢ and Qx were obtained by upper
bounding the series Y ;- P(k)n*, with P(x) an increasing polynomial, and n € (0, 1), by
the integral 5! f;o P(x)n* dx. Then we used the identity

00 deg(P) 1 k+l1
P(x)n*dx =" x (— ) PO m),
/m ,; log(n)

where P® is the kth derivative of P.
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5.2. Proof of theorem 3.2
In the previous proof we derived the inequalities

Iy lal
exp(Sp¢ (@*) — (n+ 1) P(h, X))

foralln e N,a € L, ) and a* € [a].
On the other hand, lemma 4.3 ensures that P (¢, X,,) = P(¢, X) £ Cp67}; therefore

= exp(£Cy)

ey lal
exp(Spp(@a*) — (n+ 1) P(¢, X))

is valid for eachn € N, a € L, ) and a* € [a]. Taking the limit m — oo, we obtain the
desired result.

=exp(£(Cy + (n + 1)Cpb}))

5.3. Proof of theorem 3.3
Proceeding as in the proof of lemma 4.2, the specification property implies foralln < m < m’
Emmreriplal | Dbeber, 0., (X, XPSp@ (B))
Eow st [a]  Vneper, .10 (x,) EXP(Spp (D)
2 bePerysy 0 (Xlal XP(Sp® (D))
) Zbeper(m,wnzﬂ(xm,)m[a] exp(Sp¢ (b))

= exp <:|: <4ﬂ(log(#A) + ol + A) +4Cyx Z((k +0+ 1)+ 1)9§>>

k=m

foreacha € L.,y = L,, aslong asm > m™* (where m* is defined in the course of the proof of
theorem 3.1). These inequalities can be viewed as extensions to cylinders of the inequalities
of lemma 4.2.

On the other hand, lemma 4.1 ensures that

Eom.mrexv)[A] = Egm (mrezayy[@] X exp(E2((m + £ +2)* + 1)CeOf).

These and the previous inequalities imply that p*[a] = &£, nre+1)2)[al exp(Eyer) for each
m>m*, m >nandaec L,. Here

ver = 4L(log(#A) + 1) +4A + Y ((k+1)° + 1)(4Cx0} +2C:08*)

k=m*

= 40(log(#A) + [|p]) + 4A +4Cx Qx (m*) 0% ' +2C Qe (m*)0™ .
Because of the previous inequalities,
[n*([a]l N T~°[b]) — w*[alu*[b]]
< 62VFT|<5'(m,(m+/z+1)2)([fﬂl] NT7[b]) — Emn mrer1y?) [A1E o, e+ 1)2) [D]

foreveryae £,,be L, ands € N,aslongasn+n'+s < m.
Let us now prove a product formula for the elementary measure &, (u+e+1)2). Take
a,be L,,andlet p == (m+ €+ 1)2. Let L, and R? be as in the proof of lemma 4.1;
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then, for s > m + £ + 1 we have

Zceperpn (Xn): c(0:m)=a, c(m+s+1:2m+s+1)=b exp(S,¢(c))
ZcePer,,H x,,) €Xp(S,¢(c))

Lim” beLZM"Z R?

(m,m) (m,m)

Zaeﬁ(m,m) Zbeﬁ(m,m) LZMPI R x LZMP2 R2

(m,m) (m,m)

x exp(£2(p + 1)Co™y,

Em,p([@INT[b]) =

where p; = s —2¢+m and p, = p+ 1 — s +2¢ +m. Suppose that s is such that p; < py;
then, taking into account that C¢ > C and 6; > 6, we obtain

V(m,m) (a)w(m,m) (b) X W(m,m) (a)v(m,m) (b)
ZaEL(m,m) Zbeﬁ(m,m) V(m,m)(a)w(m,m)(b) X W(m,m) (a)v(m,m) (b)
x exp(£(4(p + 1)Ceo /"Dy,

g(m,p)([a] N T_A[b]) =

Here we have used, as in the proof of lemma 4.1, the fact that

LZMPI Rb = ppl+2([+m+l)W(m,m) (a)V(m,m) (b) eXp(:l:Cg (m+20+ 1)Qngl/(nl+€+l)J).

(m,m) (m,m)
Now, since
2

Z Z V(m,m) (a)w(m,m)(b) X W, m) (a)v(m,m) (b) = Z V(m,m)(a)w(m,m)(a) = 17

a€Ln,m) beLnm acLn,m)

we finally obtain
Em.py([A1 N T[D]) = Egn.py[A1Eum. ) [b] X exp(F(4(p + 1)Cehy~ Mty

for each a, b € £,,. Because of the additivity of the measure &£, ), these inequalities extend
toany a, b € Ui L;.

Combining the inequalities we have just derived with those we obtained in the first part
of the proof, we get

pw([alnT™[b])
w*[a]u*[b]

foreacha, b € Uj'  L;.
To finish the proof, it only remains for us to bind the term

1] < e (exp(4(p + 1)Cgeg(s7(22+m))/(m+£+l)j) _1

exp(d(p + 1)CepLe™Cem/tmtaly

by a function depending only on s. For this, note that m + £ + 1 < s and 25 <
(m+£+1)2—2(2¢+m)+1. Letm > m* be such that (m +£+1)% —2(2¢+m)+1 > 10m?/11
and 5m?/11 > m + £ + 1 for m > m. Then, for s > s := 5m?/11 define m(s) to be the only
positive integer satisfying S(m(s) — 1)2/11 < s < Sm(s)?>/11. By taking m = m(s) in the
previous inequalities we have

w(@nT=m)
w*[a]u*[b]
< e (exp(4((y/115/5 + £ + 1)? + 1) CeplC 2 VIRAIVILEOL )

m(s)

foreach a, b € U, Ly.
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As a final step we propose a simplification of the previous expression, a simplification
which will hold for s large enough. Lets; > so be suchthat (s —2¢ —/11s/5)/(/11s/5+£) >
/55712 and (\/T1s/5+ £+ 1)? + 1 < 12s/5 for every s > s;. Then, for s > s, we have

p(alN T b)) 1‘ < (exp (@ Cg@gwsm) _ 1)
je*[al*[b] 5

m(s)

for each a, b € U, _; L;. Finally, taking s > s such that

48 -
chegwsmzj <1

5

for every s > s,, and since e¢ — 1 < 2¢ for 0 < € < 1, we can ensure that

* NT3[b 6 :
w*([a] [b]) —1 <9—C595164V”sx9§/m
w*[a]u*[b] 5

m(s)

fors > s> and a, b € U;_; Li. The result follows with

0, = 98«/75/12

s*(a, b) := max(s,, |5 max(n, n/)z/llj)

96
g:?qgvm
5.4. Proof of theorem 3.5

By [2], each measure w; satisfies the variational principle, as well as the measure ji4 by [1].
This means in particular the following:

P(p, Xp) = / ¢duy +h(uy) and P(¢,X) = f ¢ dug +h(pg). (1)
X X
Hence we have
|h(pg) — h(ng)l < [P (@, Xin) — P(p, X)| + /d)dw—/ dduy |-
X X
It is obvious from lemma 4.3 that
Cr .
0<P(p,Xp)— P9, X) < ——0p. (12)
1—06p
On the other hand,
[ oano— [ pany|<cem
X X

Statement (5) is thus proved.
Now, applying (15) (see the appendix) and using (11) and (12) we get

Cp

h(pg | 1) = P(d, Xim) — </X¢du¢ +h(u¢)> = P(). Xw) — P(¢, X) < 6,

om.

This proves (6). The proof of the theorem is now complete.
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6. Examples and generalizations

A natural class of specified sofic subshifts is provided by B-shifts coding the dynamics of the
map on the unit interval 7 : x — Bx mod 1, where B > 1 is a real number. For certain 3,
the corresponding B-shift is a specified sofic subshift. In [12], the author constructs a sofic
coding of hyperbolic automorphisms of the torus. In both cases, the Lebesgue measure on the
unit interval or the torus is sent to the measure of maximal entropy on the coding subshift.

In this paper we assumed, for the sake of definiteness, that the potential ¢ was Holder
continuous and the subshift X c AN was a specified sofic subshift. Nevertheless, both
assumptions can be weakened. In the proof of theorem 3.1, and in all other computations,
the exponential decay

max{|¢ (@) —¢((b)| :a(0:m) =b0:m)} < CO™
can be replaced by a polynomial decay
max{|¢(a) — d(b)| :a(0:m) =b(0:m)} < Cm™,

aslongas« > 4. In this case, the speed of convergence of the topological pressure (lemma 4.3)
as well as the speed of convergence of entropy in theorem 3.5 becomes polynomial.

Regarding the nature of the subshift, the reader can verify that the essential assumptions
are the specification and presence of magic words. Moreover, the latter assumption is only
used in lemma 4.2. Specified sofic subshifts form a natural class of subshifts having the
specification property as well as magic words, but there are huge classes of non-sofic specified
subshifts with magic words. Among them, we can mention the class of non-sofic specified
B-shifts (see [14]). One can straightforwardly prove that for each non-sofic specified g-shift
there exists k € N such that 0 is a magic word.

On the other hand, following the examples in [6] we can obtain non-sofic specified subshifts
with magic words, as finitary codings of Bernoulli shifts. Take for example, the finitary coding
7 :{0,1,2,3}N — {0, 1, 2, 3}" such that

0 if a(0 : 2k + 1) = 32%1%0 for some k € N,
(na)n = .
a(n) otherwise.
The image subshift X := 7{0, 1, 2, 3}N is not sofic: its description involves a non-regular

language. Nevertheless it has the specification property: we may connect any two admissible
words by words of the kind 12¢1, and 3 is a magic letter. Any product measure on {0, 1, 2, 3}
induces a Gibbs measure in X, which can be approximated by our method.

Though the class of systems considered here is only a subclass of those covered by
theorem 2.5 in [8], we are able to obtain a speed of convergence (in the weak distance) of
finite type approximations of the Gibbs measure on the approximated subshift X. We are also
able to prove a strong mixing property, implying Bernoullicity. Finally, we provide a speed
of convergence of the entropy of the finite type approximations to the entropy of the Gibbs
measure on X. We also emphasize that all constants appearing in the statements of section 3
have explicit expressions in terms of the data of the problem. It is also worth noting that we
only used classical algebraic tools and symbolic dynamics, except for the uniqueness of 1t
for which we used Bowen’s argument.
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Appendices

Appendix 1. Primitive matrices

M :{1,2,...,n} x{1,2,...,n} — [0, 00) is said to be primitive if there exists an integer
£ > 1 such that M* > 0. The smallest such integer is the primitivity index of M.
For M primitive let

/mw M0
T(M) = {\ijki MG, )Mk, ) (13)

0 otherwise.

The Birkhoff’s coefficient for M is T (M) := (1 — T'(M))/(1 + T'(M)).
Consider the function d : (R*)" x (R*)" — R* such that

dx,y) = log (DX XDVI)Y,
min; x(i)/y (i)
It is the projective distance when restricted to the simplex

(14)

n

A, = {x:{l,Z,...,n}—) O, 1) : x|y ::Zx(i):l .
i=1

Birkhoff’s coefficient gives the contraction rate of the iterated action of M on vectors in A,,.

Theorem 6.1. Let M, A, and d be defined as above and define Fy; : A, — A, as

F Mx
MX = .
[ Mx|
Then Fy; is a contraction in (A,, d) with contraction coefficient T (M), i.e.
d(FMxv FMY) gt(M)d(va)s szyEAn~

A proof of this result can be derived easily from theorem 3.12 in [15, p 108].

The previous result directly implies the Perron—Frobenius theorem (see [15, chapter 1]
for more details): a primitive matrix M has only one maximal eigenvalue pj; > 0. Associated
with it there is a unique right eigenvector vy, € A,, and a unique left eigenvector wy; > 0

such that WLVM =1.
A rather direct consequence of the previous theorem is the following corollary.

Corollary 6.1. For M primitive with primitivity index £, let F := Fy; and T := t(M"). Then,
foreachx € A, andm € N, we have

clm/el
d(F"%, Vi) < 5 x dy (x)
-7

with dy (x) := min(€ d(x, Fx), d(x, F'x)).
From this we readily deduce the following corollary.

Corollary 6.2. Let M : {1,2,...,n} x {1,2,...,n} — R* be a primitive matrix with
primitivity index £, F 1= Fy and © 1= t(M"). Then, foreachx € A, and m € N we have

ap,
M"x = p,’,’}l(wLx)vM exp (:Izrl—M(X)>
-1

with dy (x) := min(€ d(x, Fx), d(x, F'x)).
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Proof. Since M"'x = |M"x|; F"x,

F"%, vap) = log (maxi<M"1x>(i>/vM<i)) |

min; (M™x) (i) /v (i)
With

( (M"x)(i) . (me)(i))m
C,,(x) := [ max — min -
vy (@) i vy

T

+d(F"xvu)/2 Multiplying from the left by w,, these inequalities

we have M"x = C,,,(X)vy x e

yields C,, (x) = oy (WLX) etd(F"x.vu)/2 Taking into account corollary 6.1, the desired result

follows. O

Appendix 2. Weak distance
In this subsection X C AY is any subshift. We have the following very simple lemmas.

Lemma 6.1. If v, u € M(X) are such that ula] = v[a] exp(xe€) for each a € L;(X), then
D(u,v) < (exp(e) — 1) +27%,

Proof. For j < k we have

> |ulal—val < ) > |ulbl—vib]|

aeL;(X) aeL;(X) \beLi(X): b(0:j)=a
< X S uble -] =e -1
acL;(X) \beLi(X): b(0:j)=a

Hence D(u, v) < (e€—1) ZI;ZO 2-G+Dh +Z;°=k+1 27(”1)(2:161:,()() |iw[a] — v[a]]). The result
follows by taking into account the fact that Zae £,(%) |[ula] —v[a]| < 2forall j € N. O

Lemma 6.2. Let v, u € M(X) be atomic with support S, := supp(v) C S, = supp(u).
Suppose that u{x} < v{x} < u{x}exp(e)foreachx € S,. Then D(u, v) < exp(e)—exp(—e).

Proof. For each k € N, since {[a] : a € £;(X)} is a partition of X, we have

Y Iulal—viall= Y (S, Nlal) —u(S, N[al) + Y u((S,\S,) NIa)

acely(X) aely(X) acA,
< (€ — Du(Sy) + (S \Sy) < (€° — 1) + (S, \Sy)-

Now, 1 = v(S,) < exp(e)u(Sy); hence (S, \S,) < 1 — exp(—e¢) and the result follows. [
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Appendix 3. Entropy and relative entropy

Let v be a shift-invariant probability measure on a specified subshift ¥ € AN. The measure-
theoretic entropy of v is

h(v) = — lim

n—oo n +

Z v[a]log v[a].

acL,(Y)

Since v(AN\Y) = 0, we canreplace £, (Y) by A"*! by using the usual convention ‘0log 0 = 0’.
We now turn to relative entropy. We refer the reader to [4] for details. Therein,

only subshifts of finite type are considered, but the extension to more general subshifts is

straightforward. Let u, be a Gibbs measure (with Holder continuous potential v defined

on AM) on a specified subshift Y’ O Y. The relative entropy of v with respect to iy is

defined as

v[a]

wylal’

) 1
h(v|py) =nll>n;oﬁ ;Y)v[a] log
ael, (Y’

Note that the hypothesis ¥ C Y is crucial for making v[a]log(v[a]/uy[a]) well-defined. One
can prove that

h(luy) = P, Y') —/ ¥ dv —h(v). (15)
Y

We note that this result is true whenever ., satisfies the ‘Gibbs inequality’ (1), ¥ not
being necessarily Holder continuous.
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