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A method to identify the invariant subsets of bi-infinite configurations of cellular automata th
propagate rigidly with a constant velocityn is described. Causal traveling configurations,
propagating at speeds not greater than the automaton range,unu<r , are considered. The sets of
traveling configurations are presented by finite automata and its topological entropy is calcula
When the invariant subset of traveling configurations has nonzero topological entropy, the dynam
is dominated by the interaction of domains, composed of traveling patterns of finite size. The s
of traveling patterns and domains are presented by finite automata. End-resolving CA are show
always have sets of traveling configurations that are spatially periodic with zero entropy, exc
possibly for traveling configurations at top speed. The elementary CA are examined exhaustiv
along these lines. ©1996 American Institute of Physics.@S1054-1500~96!00603-9#
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In the two-dimensional space–time plots that represent
the evolution of a one-space dimensional cellular automa
ton „CA…, the human eye readily discerns considerable
structure and pattern. Often the pattern contains easily
visible ‘‘particle-like’’ objects, localized regions of finite
spatial extent in which a particular configuration „or set
of configurations… persists and propagates through the
space–time plot. These objects are reminiscent of the
spatially extended solitary waves in nonlinear continuum
equations. Combining concepts from the theory of com
putation and formal languages with those on dynamical
systems, we identify and study a particular class of per
sistent, spatially extended objects which travel rigidly at
constant speed: we call these tropons. Understanding th
dynamics of these tropons is crucial to understanding the
full dynamics of the CA in which they occur and hence is
important to potential applications of CA, including fil-
tering.

I. INTRODUCTION

From computer phenomenology it is known that the
namics of certain cellular automata is dominated by patt
that behave as interacting particles.1–4 Sometimes the
particle-like patterns behave as kinks1 with diffusive motion.
In some other cases they are just small defects on a
background, traveling at a constant speed.2,3 Objects more
complicated than particle-like defects are exten
domains,5–7 appearing with almost any length. Intuitivel
domains are blocks of cells presenting configurations wi
persistent, e.g., particle-like, behavior under the CA dyn
ics. Generally, domains in an automaton configuration in
act through their, not necessarily short, interfaces. The fi
CHAOS 6 (3), 1996 1054-1500/96/6(3)/493/11/$10.
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length configurations conforming the domains are terme
patterns. The central role of domains, in the sense of dynam
cal system theory, is studied in Ref. 6 in the framework o
the theory of computation. Techniques for the identification
of dynamically relevant domains are applied to a particula
automaton in Ref. 7. Here, we characterize patterns and d
mains that travel rigidly at a constant speed in automato
configurations.

To be relevant for the automaton dynamics, domains ap
pearing in a CA configuration must be persistent in time an
in space. Two necessary conditions for this to happen are t
following. First, time persistence means a long lifetime for
domains. So, the set of patterns that build up the body o
domains must be in the language associated to someinvari-
ant subsetof configuration space.8 Second, for space persis-
tence, the invariant subset must have nonzero topologic
entropy. Indeed, any invariant subset is included in the lim
set of the automaton, if it has a nonvanishing topologica
entropy we are sure that the invariant subset under conside
ation samples an important part of the limit set. These tw
conditions for dynamical relevance of domains were intro
duced in Ref. 6 under the names of temporal invariance an
spatial homogeneity, respectively. When they are fulfilled
domains in the automaton configuration will be persistent i
time and in space.

To identify the invariant subsets of traveling configura-
tions that satisfy the criteria for dynamical relevance we loo
at the defining presentation of the automaton. A cellular au
tomaton is a mapf :X→X, defined over configuration space
X[Zk

Z by a block functionf L :Zk
L→Zk that maps words of

lengthL to symbols in the alphabetZk5$0,1,...,k21%. The
length of blocks forf L is the odd integerL52r11, andr is
49300 © 1996 American Institute of Physics
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494 Urı́as et al.: Traveling patterns
the range of the automaton.9 If we are able to identify an
invariant subset from the defining presentation of the
tomaton, the dynamics within the domains would be und
stood and the domains could be filtered out of the ga
leaving only their interfaces. The unknown part of the
namics then resides just in the play of the interfaces. So
proceed in two steps. First, we identify invariant subset
positive topological entropy; the patterns that conform
domains are in the associated language. Second, we
struct the filter that eliminates from the game all the patte
belonging to the language.10 This we do for the subset o
configuration spaceX that is invariant and collects all th
automaton configurations that slide rigidly under the ac
of the cellular mapf . This invariant subset is the set
traveling configurations of f . The language that i
associated8 to the set of traveling configurations contains
the patterns that, when appearing in any CA configurat
will travel with constant velocity, during all of its lifetime
We call these patterns tropons. To fix ideas, we must m
tion that soliton-like patterns, discussed in Ref. 11, are
special type of tropons that do not interact, i.e., soliton-
patterns are tropons that travel without colliding. Here,
do not distinguish tropons by their interactions. Finally, d
mains are tropons with the particularity of having both e
matched to nontropons. Hence, the domain language
subset of the language of tropons. To illustrate the te
introduced so far, consider the left shifts that corresponds t
the elementary CA with standard number 170. For the
shift s the set of traveling configurations is the whole
configuration space, the language of tropons is the set o
possible strings onZ2, and the language of domains is t
empty set.

For an automatonf , the invariant subset of travelin
configurations with velocityn is the largest subset,Sn , of
configuration spaceX, such that the restriction off to Sn

behaves as thenth power of the left shift, i.e.,

f uSn~x!5snx. ~1!

By definition, a traveling configuration has positive veloc
when it advances to the left.

A given automatonf of ranger can show up traveling
configurations with arbitrarily large velocities. However,
formation does not propagate faster than the ranger of the
automaton and the appearance of configurations tha
travel faster thanr is rather accidental. We will limit our
selves to consider justcausal traveling configurations, with
speeds not greater than the automaton’s ranger . This is the
top speed for causal traveling configurations. The setSn is
invariant and the unionøunu<rSn is the set of all the traveling
configurations off . For the elementary CA the only spe
values allowed areunu<1.

In Sec. II, we briefly review the presentation of cellu
automata by transducers in order to derive in Sec. III a g
eral algorithm to find the invariant set of traveling config
rationsSn and its associated regular languages of trop
L~Sn!, and domains,D~Sn!,L~Sn!. The topological entropy
of Sn is computed.

12 When it is nonzero, the associated la
guageL~Sn! will provide a dynamically relevant set o
CHAOS, Vol.
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tropons. The algorithm presented in Sec. III works fine fo
any cellular automata and provides a transducer that prese
the restrictionf uSn

of the automatonf to the setSn .
Once we have found the invariant set of traveling co

figurations,Sn , tropons are filtered by a cellular automato
w:X→X, defined by the block functionwL :Zk

L→Zk such that
fL(e)50 if e is a tropon and it is the identitywL(e)5idL(e)
otherwise. When an automaton configurationx is seen
through the filter as the configurationw(x), any tropon from
L~Sn! that is present inx is mapped to a null pattern. In Sec
III, we explain how to present the filterw as a transducer.
Dynamics is further reduced by a simple boost of the a
tomaton as to see tropons at rest. In the Appendix, elem
tary cellular automata CA are analyzed exhaustively in term
of tropons.

Finally, we consider some particular cases. Configur
tions that are the bi-endless repetition of a unit pattern
lengthl.0 are eventually periodic. But, if such a configu
ration is a traveling one then it is periodic~in time!. The ratio
of its time periodT to its unit pattern lengthl is an integer
independent of the automaton rule. The sets of these trav
ing configurations always have zero topological entropy, a
the corresponding language of tropons is dynamically irre
evant for the automaton. For the important class of en
resolving CA9 we prove a theorem in Sec. V stating that the
have invariant subsets of traveling configurations wi
speeds slower than the range of the automaton,unu,r , that
are spatially periodic with zero topological entropy. End-
resolving CA were first introduced by Hedlund,9 they are a
key element in the cryptosystems engineered by Gutowit13

and random walks of topological defects in end-resolvin
CA are studied in Ref. 14. The theorem we prove in Sec.
explains the empirical remark made in Ref. 14, that domai
are rarely seen in end-resolving CA. In order to prove th
theorem, first in Sec. IV, apparently dissimilar properties
CA are proved to be equivalent to the end-resolvin
property.9

II. GRAPH PRESENTATIONS OF CA

Several types of finite state machines15 have been used
in the literature to emphasize different aspects of cellul
automata.6,16–20 In this section, we review very briefly the
basics we will need of transducers. For a thorough discuss
of the application of transducers to cellular automata, s
Ref. 6.

The idea behind transducers is to present by means o
directed graph a function that maps words from a langua
to words in another language. The advantage of transduc
is that simultaneously they provide a presentation of the d
main and image sets of the function. We will make an e
tensive use of this dual property of transducers.

A cellular map f :X→X is defined by a block function
f L , with domainZk

I . So, to computef (x) one has to scan the
configurationx, block after block, i.e., one needs to replacex
by a sequence of overlapping blocks.21 Hence, part of the
description off is advanced if configurations onZk are en-
coded as configurations on a larger alphabet consisting ofkL
6, No. 3, 1996
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495Urı́as et al.: Traveling patterns
symbols. Each symbole in the new alphabet represents
word of lengthL. After the L-block encoding, theL-block
function f L reduces to a function that maps single symb
from ZkL to symbols inZk . The scheme just described
realized by transducers.6

The L-block encoding ofX is done with the help of a
directed graphG L(k) with vertices labeled by words o
lengthL21 and edges connecting pairs of vertices iff th
are labeled by words that overlap over a lengthL22. Figure
1 shows this overlapping condition on two wordsu andv as
vertex labels to be connected by the edgee 5 uvW in the
L-block encoding graph,G L(k). The symbole identifies the
edge uvW in the graph G L(k) and represents a word
aL21•••a1a0 of lengthL, with symbolsaiPZk . Notice that
we are numbering the symbols in a word from right to le
and we shall denote byeu i the symbolai implicit in e.
Hence, every vertex inG L(k) has exactlyk incoming edges,
as well ask outgoing edges. In every case, two edges,uvW
and uwW , that are rooted at the same vertexu are distin-
guished by the rightmost symbol, i.e.,uvW u0 Þ uwW u0 for vÞw.
The setE 5 ZkL of edges ofG L(k) is identified as the setZk

L

of L blocks.
The block encoding graphG L(k) is the skeleton for the

transducer presenting a cellular mapf . The block functionf L
is encoded intoG L(k) by attaching to every edgee the label
f L(e). The decorated graph that results is the transducerT f ,
with output by the edges, and it presents the automa
f :X→X5Zk

Z as defined byf L . Besides presentingf , the
transducer provides a presentation of a vertex language
edge language and an edge-symbol language in the follow
way. The vertex language is the set of words made up
vertex symbols that correspond to a continuous path of v
tices in the graph. The edge and edge-symbol languages
defined in a similar fashion.

As an example that will be discussed thoroughly in t
Appendix, Fig. 2 shows thef transducer for the elementar
CA 106. The underlying 3-block encoding graphG 3~2! is the
same for all elementary CA, the decoration of the edge
what makes the difference. The vertices ofG 3~2! in Fig. 2
represent 2-blocks and the vertex language presented
G 3~2! is a 2-block encoding of the regular language$0,1%* .

FIG. 1. An edge in theL-block encoding graph. The edgee 5 uvW represents
a wordaL21•••a0 of lengthL, with u5aL21•••a1 andv5aL22•••a0 . The
symbolsai in the shaded cells are the same foru, v, ande. In the transducer
T f , the edges are labeled by the block-functionf L ~see Fig. 2!.
CHAOS, Vol.
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For instance, the vertex path 132 in Fig. 2 corresponds to
word 0110. Edges represent 3-blocks onZ2, e.g., the edge

e5 7 5 33W represents the word 111. The edges aremappe

edge labels byf L , e.g., f L(33W) 5 0 in Fig. 2. The edge lan-
guage presented byG 3~2! is a 3-block encoding of$0,1%* .
For instance, 0110 is encoded by the edges as 36.

For a transducerT f , the bunch of vertices, together with
their edge labels, that are fastened together as incom
edges to a vertexv is called the incoming bouquetB in(v)
reaching vertex v; formally, B in(v)
5 $@u, f L(uvW )#uuvW P T f%. Similarly, the bouquet stemming
out from the vertex u is defined as Bout(u)
5 $@ f L(uvW ),v#uuvW P T f%. For instance, thef transducer on
Fig. 2, presenting the elementaryu f u5106, has
B in~3!5$~1,1!,~3,0!% andBout~1!5$~1,3!,~0,2!%.

The domain of a cellular mapf can be restricted to some
subset,Y,X, of configuration space. In this case the set
configurations presented by the edges of thef uY transducer is
the block encoded domainY of f uY . The image ofY, f (Y), is
the set of configurations presented by the edge labels of thf
transducer. Keep in mind thatedgesandedge labelsare two
different kinds of objects.

III. TRAVELING CONFIGURATIONS AND TROPONS

The setSn, f (X),X of causal traveling configurations
of f , defined in Eq.~1!, is f invariant, i.e.,f (Sn)5Sn . This
property means that the transducer forf uSn

provides a finite
presentation of the setSn , either by the edges or the edg
labels. Indeed, the transducer forf uSn

is a subgraph of the
transducer presenting the unrestricted automatonf , e.g., Fig.
2. The subgraph forf uSn

has the property thatthe configura-
tions presented by its edges are the L-block encoding of the
configurations presented by its edge labels.

The problem of identifying the set of configurations tha
travel with velocityn, Sn , is thus to find the transducer on
G ~Sn! as a subgraph ofT f . The edges and edge labels of th
subgraph must satisfy the following conditions:

~i!: f L~e!5sn~e!5eur2n , unu<r ,
~2!

~ii !: e is part of a closed loop.

In condition ~i!, eur is the central symbol of theL-block e
and we are using the same symbols to denote the 3-block

FIG. 2. The f -transducer for elementary CA 106. This automaton is rig
resolving with permutationsp~11!5x andp(ab)5id for abÞ11; where id
is the identity andx is the exchange defined over$0,1%.
6, No. 3, 1996
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496 Urı́as et al.: Traveling patterns
function that generates the left shift,s. Equation~2! is an
effective definition of a traveling configuration, equivalent
the one in Eq.~1!. Condition ~ii ! is just a convention to
eliminate from the transducer presentingf uSn

all the edges
that are irrelevant for bi-infinite configurations. This conve
tion normalizes the transducer.

Introducing the integers ueu5( ieu ik
i and

u f u5(ef L(e)k
ueu, the usual valuation of the cellular mapf ,

the important quantities in condition~i! of Eq. ~2! can be
written in modulok arithmetics as

f L~e![F u f u
kukuG~mod k! and eur2n[F ueu

kr2nG~mod k!.

~3!

The square brackets in Eq.~3! denote the integer part. Th
condition ~i! in Eq. ~2! for e to be an edge inG ~Sn! reads

F ueu
kr2nG[F u f u

kueuG~mod k!, ~4!

in modulok arithmetics.
Conditions~i! and ~ii ! are the basis of the algorithm t

find the transducer forf uSn
. For a given automaton valueu f u

and velocityn, Eq. ~4! is used to find the set of edges
G ~Sn! as follows. Forueu50 to kL21, if Eq. ~4! is satisfied
the edgee belongs toG ~Sn!. The set of edges so obtained
then trimmed as to satisfy condition~ii !. The trimming is
done by eliminating the vertices that do not have any out
ing or incoming edge. The trimming process is repeated u
the set of edges stabilizes. The required number of rep
tions to stabilize the set of edges is always smaller than
number of vertices ofG L(k). Figure 3 shows the transduc
ers, obtained with the algorithm, that presentf uSn

for the
three invariant sets of traveling configurations,n561,0, for
the elementary CAu f u5106.

The transducer presentingf uSn
is a subgraph ofT f . Ac-

cordingly, we give toSn the valuation

uSnu5 (
ePT f

cek
ueu, ~5!

with coefficientsce given asce51 if edgee is in the trans-
ducer forf uSn

andce50 otherwise. The integeruSnu in Eq. ~5!

FIG. 3. Transducers presenting the sets of traveling configurations fo
elementaryu f u5106, numbered by their characteristic numberuSnu. Only the
setS1 has nonzero entropy.
CHAOS, Vol.
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defines the skeleton graphG ~Sn! as a subgraph ofG L(k).
We call it the characteristic number of thef uSn

transducer.

The total number of subgraphs ofG L(k) is 2
kL 2 1, 255 for

the elementary CA.
The simplest graphs that are relevant for bi-infinite co

figurations consist of disjoint edge loops. The configuratio
presented by these graphs are the bi-endless concatenatio
a single unit pattern. The length of the unit pattern in a sp
tially periodic x is the smallest integerl.0 such that
slx5x. A spatially periodic traveling configuration is peri
odic in time. The time period ofx is defined as the smalles
integerT such thatf T(x)5x. The time period is given by the
next lemma.

Lemma 1. Let x be a spatially periodic traveling con-
figuration of f with unit pattern lengthl.0 and speedunu.0.
Then, it has periodT5l/~l,unu!, where (n,m) denotes the
greatest common divisor of the integersn andm.

Proof. First, x is a traveling configuration:f (x)5snx,
with nÞ0. Then, there exists a positive integerT such that
f T(x)5x. Let T be the smallest such integer. Then, the
existsn.0, relative prime toT, such thatnl5unuT. Since
(n,T)51 ~otherwiseT is not the smallest positive integer!, it
follows thatT5l/~l,unu!.

The time sequence of spatially periodic configuration
f t(x) appears to jump back and forth, relative tox, but at the
end it takes one time periodT to shift x one unit pattern
lengthl. The net velocity, defined as the quotientl/T, is the
integer~l,unu!. Spatially periodic traveling configurations ar
presented by the simple loops of the transducer onG ~Sn!.
The setSn is spatially periodic if it is presented by a grap
consisting of disjoint loops.

Definition 1. Tropons are the patterns in the languag
L~Sn! of edge labels of the transducer onG ~Sn!. Every ver-
tex is an initial as well as an acceptance state.

Tropons are the words built up of edge labelsf L(e),
corresponding to paths inG ~Sn! connecting any pair of ver-
tices. The language of troponsL~Sn! is a regular language.

Domains are the tropons that have both ends connec
to nontropon patterns in a CA configuration. Not eve
tropon is a domain andD~Sn!,L~Sn!, strictly. To be a do-
main, a tropon must start at any vertex ofG ~Sn! that has lost
at least one incoming edge, respect toT f . So, the set of
vertices that are initial states to define the domain langua
D~Sn! is

S init5$vPG ~Sn!u'uvW in G L~k! but not in G ~Sn!%.

Similarly, a domain must finish at a vertex ofG ~Sn! that has
lost, respect toG L(k), at least one outgoing edge. So, the s
of vertices that are acceptance states to defineD~Sn! is

Sacc5$vPG ~Sn!u'vwW in G L~k! but not in G ~Sn!%.

The initial- and acceptance-state sets are identified by dir
inspection ofG ~Sn! againstG L(k).

Definition 2. The language of domainsD~Sn!, associ-
ated to the invariant set of traveling configurationsSn , is the

the
6, No. 3, 1996
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497Urı́as et al.: Traveling patterns
edge-labellanguage accepted by the transducer onG ~Sn!
with Sinit the set of initial states andSacc the set of accep
tance states.

The space–time pattern in Fig. 4~a! is a 2103210 patch
of the evolution of the elementaryu f u5106 from an initial
configuration prepared by tying together, with a 1 in be-
tween, two semi-infinite traveling domains, generated as
dom walks in the graph forS1, shown in Fig. 3~a!. The
single interface in Fig. 4~a! goes growing as it travels to
wards the left side. For details see the Appendix.

Next, we explain how to filter tropons off the spac
time patterns. For a given setSn , the filter is a cellular map

FIG. 4. ~a! Space–time pattern for a single interface between two s
infinite traveling domains withn51 for ECA 106. Time runs downwards
~b! The tropons are identified and filtered out to zero with the filter
characteristic numberuS1u555.
CHAOS, Vol
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w:X→X that is defined by the block functionwL :Zk
L→Zk

such thatwL(e)5ce idL(e). The block function idL defines
the identity cellular map, id(x)5x, and the coefficientsce
are retrieved from the integeruSnu by the equation

ce[11F uSnu
2ueu G~mod 2!. ~6!

Hence, the characteristic number ofSn provides the filter to
make tropons invisible. This is nice, since we do know ho
tropons behave. If we see the configurationx through the
filter as w(x) we see the actual configuration only at site
where the patterns are not tropons. Figure 4~b! shows the
space–time pattern of Fig. 4~a! filtered with uS1u555 @see
Fig. 3~a!#.

For sets of traveling configurations with large values o
the entropy, e.g., the elementaryu f u5106, randomly gener-
ated configurations present a high density of domains. In t
case thatnÞ0, the presence of domains imposes an over
drift velocity to the space–time pattern generated from a
random initial configuration. The global drift is eliminated
from the dynamics by a simple boost. The auto
maton f̃5s2n f is a boosted version off ; boosted to the
velocity 2n, as to compensate the drifting introduced b
domains of velocityn. For any f , the boosted automatonf̃
can be encoded using blocks of lengthL85L12unu.

The natural generalization of a traveling configuration
a coherent succession of traveling configurations~a flock!.
We say that the configurationxPX belongs to a traveling
flock of the CA f if

f t~x!5snx. ~7!

The duration~number of different successive configurations!
and speed of a flock are the smallestt and unu, respectively,
that satisfy Eq.~7!. A flock is then the set of configurations

b~t,n!5$x~ i !5 f i~x!u i50,••• ,t21;x5x~0!; f t~x!5snx%.
~8!

The flock b~t,n! slides rigidly with velocity n under f ,
fb~t,n!5snb~t,n!. As for configurations, we say a flock is
spatially periodic if its configurations are formed from a un
pattern of lengthl, defined as the smallest positive intege
such thatslx5x, for every x in the flock. The set of all
traveling flocks of velocity n of an automaton f is
An5øtb~t,n!. The extension of Lemma 1 to flocks follows

Lemma 2. Let b~t,n! be a spatially periodic flock of
automatonf , with unit pattern lengthl.0. Then, it is peri-
odic in time with time periodT5tl/~l,unu!.

Proof. Let f̃5 f t and letm be the smallest positive inte-
ger such thatf̃ m(x)5x, i.e., mn5nl for some integern
such that (m,n)51. It then follows thatm5l/~n,l!. The time
period ofx is T5mt. i.e.,T5tl/~n,l!.

IV. END-RESOLVING CA

They were introduced by Hedlund,9 they are a key ele-
ment in the cryptosystems engineered by Gutowitz,13 and
random walks of topological defects in end-resolving C
have been studied in Ref. 14. In the next section, the inva

emi-
.
of
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498 Urı́as et al.: Traveling patterns
ant subsets of traveling configurations and flocks are cha
terized for the important class of end-resolving cellular a
tomata. But first, in this section, we define them and pro
two lemmas that are necessary to characterize their trave
configurations.

In the literature one finds several definitions to descr
the same end-resolving property of a block function. T
following lemma establishes the equivalence of four defi
tions that are apparently dissimilar.

Lemma 3. The next four statements about the blo
function f L are equivalent.

~a! Let f L(e)5a and let the 2-blockab appear in the im-
age of f , f (X). Then, there is just one cell valuecPZk
such thatf L11(ec)5ab. In this case we say thatf L is
right resolving.

~b! Let p(w) map the~L21! blockw to a permutation of
the cell symbols inZk . The block functionf L is right
permutingif f L(wa)5p(w)a.

~c! The block functionf L is presented by anf transducer
such that at every one of its vertices all of the outco
ing edges are labeled differently, i.e.,f L(uvW )
Þ f L(uwW ), for vÞw. Equivalently, for every vertexu
of T f , an edge label does not appear twice inBout(u).

~d! The block functionf L is presented by anf transducer;
T f , of disjoint incoming bouquets, i.e.
B in(u)ùB in(v)5B, for uÞvPT f .

Proof. ~a![~b!. Let f L be right permuting andab a
2-block appearing inf (X). Then, there exists a~L11! block
c8(wc) such that f L(c8w)5a and f L(wc)5b. But
f L(wc)5p(w)c5b, i.e., the cell symbolc is unique. This
shows thatf L is right resolving. Next, letf L be right resolv-
ing. Then, forabP f (X) and f L(e5c8w)5a there is only
one c such thatb5 f L(wc), i.e., for w fixed, the resulting
mapc°b is a permutation. This shows thatf L is right per-
muting.

~b![~c!. Let f L be right permuting: f L(uvW )
5 p(u)uvW u0. Together with the property of block encodin
graphs, the skeleton ofT f , thatuvW u0 Þ uwW u0 for vÞw; we
conclude thatf L(uvW ) Þ f L(uwW ). Next, let f L be as in~c!.
Then, for a fixed vertexu, the assignmentf L(uvW )°uvW u0
implied in T f is a permutation of cell symbols.

~c![~d!. Let f L be as in ~c! and let @w, f L(wuW )#
P B in(u) and@w, f L(wvW )# P B in(v) for uÞv. Then, given
that f L(wuW ) Þ f L(wvW ), we conclude thatB in(u)
ùB in(v)5B. Next, let f L be as in~d! and let the vertexw
appear in B in(u) and B in(v) for uÞv. Given that
B in(u)ùB in(v)5B, we conclude thatf L(wuW ) Þ f L(wvW ),
for uÞv.

An example of right-resolving CA is the elementaryu f u
5106, presented by thef transducer shown in Fig. 2. Right

resolving CA are (k!) k
L21

in number. Left-resolving CA are
defined to have a block function given byf L(aw)5p(w)a.

Left-resolving CA are (k!) k
L21

in number also. A lemma
equivalent to Lemma 3 holds true for left-resolving CA. On
just replaces ‘‘right’’ by ‘‘left’’ and exchanges ‘‘leaving’’
and ‘‘incoming’’ in Lemma 3.
CHAOS, Vol.
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End-resolving CA are easy to find among the linear au-
tomata. An automatonf is linear if its block function is given
by

f L~e![C01(
i51

L

Cieu i~mod k!. ~9!

In the set ofkL11 linear CA,f(k)kL of them are left resolv-
ing ~the functionf is Euler’s!. They are the linear CA with
coefficientC1 relative prime tok, i.e., such that (C1 ,k)51.
Similarly, there aref(k)kL linear CA that are right resolv-
ing. They have coefficientCL such that (CL ,k)51. Linear
CA with both coefficientsC1 andCL relative primes tok are
resolving at both ends.

Table I is the complete list of elementary end-resolving
CA. The second column indicates whether it is a right (R) or
a left (L) resolving automaton. The 16 elementary CA with
rule numbers that are multiples of 15~15n, n51,. . .,16! are
the left-resolving elementary CA. All the sets of traveling
configurations of the end-resolving elementary CA are spa-
tially periodic, except for those marked with~2!, ~1! and
~* ! in Table I. The sets marked~* ! are not spatially periodic
but still have zero entropy. They are presented by graphs that
have singly connected loops.

TABLE I. Characteristic numbers of the sets of traveling configurations, of
the indicated velocities, for all the end-resolving elementary CA. The rules
are organized in equivalence classes~Ref. 23! of the group generated by
reflection (r ) and conjugacy (c). A letter L ~R! means that the correspond-
ing automationf is left resolving~right resolving!. The topological entropy
h of the sets is zero, except as indicated.a

u f u end v51 v50 v521

15 L 90 36 0
85(r ) R 0 36 90

30 L 1 37 1
86(r ) R 1 37 1
135(c) L 128 164 128
149(b) R 128 164 128

45 L 104 22 0
75(c) L 22 104 0
89(b) R 0 104 22
101(r ) R 0 22 104

60 L 105 1 1
102(r ) R 1 1 105
153(b) R 128 128 150
195(c) L 150 128 128

90 L,R 1 105 1
165(c) L,R 128 150 128

105 L,R 36 90 36
106 R 55~2! 1 37

120(r ) L 37 1 55~2!
169(c) R 236~2! 128 164
225(b) L 164 128 236~2!

150 L,R 129 165 129
154 R 139~* ! 129 129

166(c) R 209~* ! 129 129
180(b) L 129 129 139~* !
210(r ) L 129 129 209~* !

170 R 255~1! 129 165
240(r ) L 165 129 255~1!

a~2! h50.694 238, ~1! h51.0, ~* ! connected loops withh50, (r )
5reflection, (c)5conjugacy, (b)5the composition ofr andc.
6, No. 3, 1996
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The property off being end resolving is preserved by
the composition off with itself.

Lemma 4. Let f be end resolving. Then, forn.1, f n is
end resolving.
Proof. ~right-resolving CA!. Let f be right resolving. First,
we prove thatf 2 is right resolving. Iff L is the block function
defining f , thenf 2 is defined by blocks of lengthL252L21,
an odd integer:

f L@ f L~eL21!••• f L~e0!#5 f L@p~wL21!aL21•••p~w0!a0#

5p~u!@p~w0!a0#, ~10!

where e05aL21•••a0 , ei5wiai , and
u5p(wL21)aL21•••p(w1)a1 , is a word of lengthL21. In
Eq. ~10! the productp(u)p(w0) is a permutation that de-
pends on the word of lengthL221 that is a prefix of the path
of edgeseL21•••e0 in the f transducer. Thatf n is right re-
solving follows by induction.

The proof for left resolving follows very similar steps.
Mixed compositions of left- and right-resolving automata d
not transmit any end-resolving property to the composite a
tomaton. For instance, the elementaryu f u5106 is right re-
solving and the right shifts21 is left resolving. The boosted
version of f , f̃5s21+ f , is not end resolving.

V. TRAVELING CONFIGURATIONS IN
END-RESOLVING CA

The main result of this section is that forunu,r , end-
resolving CA always have nonempty sets of traveling flock
and they always are spatially periodic. Forunu5r nothing can
be concluded.

The entropy of spatially periodic sets is zero and th
makes tropons to have a secondary~if any! role in the dy-
namics of end-resolving CA. If an end-resolving CA has
set of traveling configurations with positive entropy, the
they must be running at top speedunu5r . This is the case of
the right-resolving elementaryu f u5106 ~see Table I!, that
has a set of traveling configurations with entropyh50.694
~and characteristic number 55!. Besides elementary CA 106,
elementary CA 154 in Table I has a set of traveling config
rations that are not spatially periodic with characterist
number 139. However, all CA in Table I have sets of stan
ing configurations,n50, and they all are spatially periodic.

Lemma 5. Let f be right resolving and letn,r . Then f
has a set of traveling configurationsSn that is spatially peri-
odic.

Proof. ~right resolving!. We prove that the transducer
presentingf uSv consists of disjoint loops. Letf be right re-
solving. After Lemma 3 we know that all the edgesei
5 uvW i , i51,••• ,k, stemming out from any root vertexu and
aiming vertexv i in the transducerT f are labeled according
to f L(uvW i) 5 p(u)ei u0 andei u0Þej u0 for iÞ j ~e.g., Fig. 1!.
By definition of f uSn

, the only edges fromT f that appear in
the transducer presentingf uSn

are those labeled asf L(uvW )
5 ei ur2n , i.e.,

p~u!ei u05ei ur2n . ~11!
CHAOS, Vol.
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Since all the edgesei have the same root vertexu, the sym-
bol ei ur2n[b is the same for everyi if n,(L21)/25r .
Hence, condition in Eq.~11! is p(u)ei u05b, with symbolb
fixed. The condition always has a unique solution forei u0 ,
i.e., only one of the edges that outcome fromu in the
f -transducer survives in the graph presentingf uSn

. We con-
clude that all the vertices inG ~Sn! have just one outgoing
edge. This result is enough to assure thatG ~Sn! is a collec-
tion of disjoint loops.

In the proof of Lemma 5 is clear that ifn5r , condition
Eq. ~11! for an edge to survive isp(u)ai5ai . This condition
may have no solution, one solution or more than one solu-
tion. For instance, whenp5id the setSn happens to beX,
e.g.,s ands21 in Table I. Lemma 5 is generalized to flocks
by the following.

Theorem ~right resolving andn,r imply spatial period-
icity!. Let f be right resolving and letn,r . Then, the set of
traveling flocksAn is spatially periodic.

Proof. By Lemma 4, f̃5 f t is end resolving. From
Lemma 5 it follows thatf̃ has a set of traveling configura-
tions, S̃n , that is spatially periodic. The equivalence relation
on S̃n , x;y iff x5 f n(y) for somen, identifies flocks as
equivalence classes inS̃n @see Eq.~8!#. Evidently, they are
spatially periodic.

Equivalent results hold for left-resolving CA. The proof
of the left-resolving equivalent to Lemma 5 is quite similar.
In this case one proves that all the vertices inG ~Sn!, for
n.2r , have just one incoming edge. Again, this condition is
enough to assure that the graphG ~Sn! consists of disjoint
loops, only. The left-resolving equivalent of the theorem re-
quires thatn.2r . The theorems explain, at least for tropons,
the remark made in Ref. 14 that particle-like patterns are
rarely seen in end-resolving cellular automata.

VI. CONCLUSIONS

The problem of finding the full invariant subsets of
causal traveling configurations for cellular automata was
solved with the help of transducers. We showed how to iden-
tify the sets of traveling configurations from the defining
presentation of the automaton. A general algorithm to find
transducers to present the restricted automatonf uSn

, the in-
variant set of traveling configurations, and the corresponding
regular languages of tropons,L~Sn!, and domains,
D~Sn!,L~Sn! was given. Tropons are patterns of finite
length that propagate rigidly with constant velocity in a CA
configuration. Domains are special tropons that have their
ends matching nontropons.

The criterion for dynamical relevance of an invariant
subset is to have nonzero topological entropy. In this way,
the automaton has a nontrivial limit set and the invariant
subset under consideration samples an important part of it
The topological entropy of the set of traveling configurations
is computed from its presentation.

Dynamics within domains is a simple shift. It was ex-
plained how to filter tropons out of the game, leaving just the
interfaces in a CA configurations. A cellular automaton
w:X→X provides the filter for tropons. When an automaton
6, No. 3, 1996
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500 Urı́as et al.: Traveling patterns
configurationx is seen through the filter as the configuratio
w(x), any tropon that is present inx is mapped to a null
pattern. The filterw was presented by a transducer. Dynam
ics was further reduced by a simple boost of the automat
as to move along with tropons. The part of the dynamics le
unknown resides just in the play of the interfaces.

We paid special attention to the important class of en
resolving CA. First, several properties of CA were proved
be equivalent to the end-resolving property. Then, we prov
that their invariant sets of traveling configurations wit
speeds slower than the range of the automaton,n,r ~the top
speed excluded!, are spatially periodic and have zero topo-
logical entropy. This result explains for tropons the fact tha
domains are rarely seen in end-resolving CA.

In the Appendix, the criterion of positive entropy is use
to identify all the elementary cellular automata with dynam
cally relevant sets of tropons.

In conclusion, we have discussed how to understand a
to extract tropons out of the dynamics. Tropons are not t
only type of structure that is dynamically relevant in CA. Fo
instance, the dynamics of the elementary CA 18 is organiz
in Ref. 6 with a very simple domain that is not of the kind w
have discussed. However, we are certain that any insig
towards the understanding of the dynamics of extended o
jects will be useful when devising applications of CA.13,22
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APPENDIX: TROPON ANALYSIS OF ELEMENTARY
CA

1. End-resolving elementary CA

The sets of traveling configurations~unu<1! for end-
resolving elementary CA, discussed in Secs. IV and V, a
listed in Table I. The table is organized in equivalenc
classes of the group generated by reflection (r ) and conju-
gacy (c);23 rules 105 and 150 are single in their respectiv
classes. As explained in Sec. V, most of the sets of traveli
configurations for end-resolving elementary CA are spatia
periodic with zero topological entropy. The left and righ
shifts, elementary CA nos. 170 and 240, respectively, ha
the whole of configuration spaceX as set of traveling con-
figurations. The setX has maximum entropyh51 and is
presented byT f itself, with characteristic number 255. Be-
sides the well known left and right shifts, only end-resolvin
elementary CA Nos. 106, 120, 169, and 225, all of the
within the same equivalence class,23 have sets of traveling
configurations with nonzero entropy. We discuss in the fo
lowing the minimal representative, elementary CA 106.

The transducer onG ~Sn! presentingf uSn , n561,0, for
the elementary CA 106 are obtained by using the methods
CHAOS, Vol.
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Sec. III. The result is shown in Fig. 3. The null configuratio
0I5•••000••• is degenerate. It is presented by all three tran
ducers shown in Figs. 3~a!–3~c! since f ~0I!5s210I
5s00I5s10I . Similarly, the alternating configurations01 and
105 s01 appear both in setS1 and setS21, respectively. The
nontrivial set isS1, with topological entropyh50.694 and is
presented by the edge labels of the transducer with char
teristic number 55 in Fig. 3. This invariant subset provide
an ample sampling of the limit set of the automaton. As se
in Fig. 5, a randomly generated configuration presents a h
density of domains. The presence of the traveling doma
imposes an overall drift velocity to the space–time patte

FIG. 5. ~a! Space–time pattern for the boosted automatonf̃5s21f , with f
the elementary CA 106. The initial configuration was generated at rando
with equal probabilities for 0’s and 1’s.~b! Same as~a! with tropons filtered
out.
6, No. 3, 1996
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501Urı́as et al.: Traveling patterns
generated from any random initial configuration. The glob
drift is eliminated from the dynamics by a simple boos
f̃5s21f . For anyf of ranger51, the boosted versionf̃ has
block function f̃ 5, on blocks of lengthL55. To find f̃ , for
every 3-blocke3 one produces four 5-blocks by the rule

ue3u→ue5u54ue3u1n, n50,1,2,3, ~A1!

and the block functionf̃ 5 is assigned values such that

f̃ 5~4e31n!5 f 3~e3!. ~A2!

After the boost, the set of traveling configurationsS1 for
elementary CA 106 appears as the setS0 of standing con-
figurations of the boosted mapf̃ . Figure 5 shows a 2103210
patch of the space–time pattern of automatonf̃ for a ran-
domly generated initial configuration. The drifting is elimi
nated in both Figs. 5~a! and 5~b!. One just sees domains tha
fluctuate in length. In Fig. 5~b! the domains have been fil-
tered out to zero using coefficientsce retrieved from
uS1u555, as explained in Sec. III. In the filtered pattern, Fi
5~b!, domains are shown as white strips of fluctuating wid
and black dots correspond to edges not in the transdu
presentingf uS1 ~see Fig. 3!.

Tropons are words inL~S1! and domains are the tropon
that have both ends matching to edges not inL~S1!. The
domain languageD~S1! is a subset ofL~S1!. A comparison
of G ~S1! in Fig. 3~a! with G L~2! in Fig. 2 shows that the

edges that are missing inG ~S1! are 13W, 33W, and 32W. Compare
Fig. 3~a! to Fig. 2. The missing piece of the graph accepts t
vertex language•••1@31#2••• , the 2-block encoding of
•••0@11#10••• ; the interface language is the expression b
tween brackets. The regular languageI511 is the set of
nontraveling patterns that act as interfaces between doma
To produce an interface, one exits the graph in Fig. 3~a! at
vertex 1, loops around vertex 3, and reenters the graph
vertex 2. So, for the language of domainsD~S1! the sets of
initial and acceptance states inG ~S1! includes just vertex 2
and vertex 1, respectively. The domain language
D~S1!50*1~011!* . Finally, any configuration inX is an al-
ternating concatenation of domains fromD~S1!,L~S1! with

TABLE II. The elementary CA that have two sets of traveling configur
tions with nonzero entropy. The sets of traveling configurations are ente
by its characteristic numberuSnu and the entropy value is in parentheses. Th
rules are organized in equivalence classes as in Table I.

u f u v51 v50 v521

56 109~0.405 687! 1~0.0! 55~0.694 238!
98(r ) 55~0.694 238! 1~0.0! 109~0.405 687!
185(b) 236~0.694 238! 128~0.0! 182~0.405 687!
227(c) 182~0.405 687! 128~0.0! 236~0.694 238!

57 108~0.405 687! 0~0.0! 54~0.405 687!
99(c) 54~0.405 687! 0~0.0! 108~0.405 687!
172 249~0.551 62! 159~0.551 62! 129~0.0!

202(c) 159~0.551 62! 249~0.551 62! 129~0.0!
216(b) 129~0.0! 235~0.551 62! 215~0.551 62!
228(r ) 129~0.0! 215~0.551 62! 235~0.551 62!

184 237~0.694 238! 139~0.0! 183~0.694 238!
226(c) 183~0.694 238! 209~0.0! 237~0.694 238!
CHAOS, Vol.
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interfaces fromI . However, in Fig. 5 one notices that long
interfaces are not very frequent in the space–time patte
This is because in one time step long interfaces either de
to 010*10 @a block of zeros is a tropon, see Fig. 3~a!#, or it
fuses with the domain next to its right as to become a trop
in a largest domain. Hence, long interfaces, once they
produced, either they decay in one time step into a domain
they become tropons that fuse with the domain next to
right. It means that interfaces are vulnerable only by its rig
end and domains fluctuate in size only by its left end,
right end being pinned.

So, the most abundant interface in any space–time p
tern of elementary CA 106 is•••0@1#10••• . This short inter-
face shows a complicated interaction with tropons. To s
this, we prepared an initial configuration, consisting of tw
semi-infinite configurations, generated as random walks
the transducer onG ~S1! @see Fig. 3~a!#, separated by a 1
interface. A 2103210 patch of the evolution of such a con
figuration is shown in Fig. 4.

FIG. 6. Transducer presenting the set of standing configurations of the
ementaryu f u573. The characteristic number isuS0u5122 and the topological
entropy ish50.287. The edges of the graph are decorated by the blo
function of the CA.

a-
red
e

TABLE III. Minimal representatives of the equivalence classes of eleme
tary CA with sets of standing configurations that have nonzero topologi
entropy. The transducers are entered by their characteristic numbers.

u f u v51 v50 v521

4 1 55~0.694 238! 1
5 0 54~0.405 687! 0
12 1 55~0.694 238! 1
13 0 54~0.405 687! 0
36 1 23~0.551 62! 1
44 121 23~0.551 62! 1
72 1 123~0.551 62! 1
73 0 122~0.287 756! 0
76 1 127~0.879 149! 1
77 0 126~0.694 238! 0
78 1 125~0.405 687! 1
94 1 109~0.405 687! 1
104 53 91~0.464 961! 39
108 1 95~0.694 238! 1
132 209 183~0.694 238! 139
140 209 191~0.694 238! 129
164 209 151~0.551 62! 139
200 129 251~0.551 62! 129
204 129 255~1.0! 129
232 189 219~0.694 238! 231
6, No. 3, 1996
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In conclusion, the dynamics of the elementary CA,u f u
5106, is dominated by the interaction of the traveling do
mains in D~S1!50*1~011!*,L~Sn! with interfaces in
I511.

2. Elementary CA with two sets of tropons

Next, we examine the elementary CA that have two se
of traveling configurations with nonzero entropy. They ar
organized in four classes of equivalence23 in Table II. The
class of elementary CA 172 is qualitatively different from

FIG. 7. ~a! A 2103210 patch of the space–time pattern of the elementa
u f u573. The initial configuration was generated at random, with a very lo
density~0.02! of ones.~b! A filtered version of~a! that marks with a black

dot the presence of the patterns 0115 13W and 1105 32W . When two such dots
appear next to each other, they become a rigid wall~the pattern 0110! that
severs the configuration in two independent portions, forever.
CHAOS, Vol. 6
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the other three classes. It is the only class having a set of
standing configurations with nonzero entropyh50.551.

The other three classes in Table II, with minimal repre-
sentatives 56, 57, and 184, have sets of both left~n51! and
right ~n521! traveling configurations with nonzero entropy.
Traveling domains having opposite velocities annihilate be-
tween them in a CA configuration, except for degenerate
domains. In all three classes the alternating patterns from the
regular set~10!1 are degenerate so that,a fortiori, it is a
surviving pattern, creating a checkerboard background where
the few tropons that survive an annihilating transient, either
left running or right running, slide endlessly.2,3

3. Elementary CA with standing configurations

To exhaust the description of tropons in elementary CA,
next we consider the elementary CA that have a setS0 of
standing configurations~n50! of nonzero entropy. There are
20 equivalence classes with one suchS0. Only the minimal
representative for each equivalence class23 is entered in
Table III. Except for the class of the elementary CA 73, the
rest have a very simple behavior: any random configuration
ends up in the setS0. Only elementary CA 73 is worthy of
attention. The transducer onG ~S0! for the elementary CA 73
is shown in Fig. 6. It has characteristic number 122 and
entropyh50.287. This entropy value is not large enough as
to make ofS0 an invariant set stable under perturbations, as
found for the rest of elementary CA in Table III. In Fig. 7~a!
we show the first 210 time steps of the space–time pattern
for elementary CA 73 with an initial configuration generated
at random with a very low density~0.02! of ones. The set of
domainsD~S0!,$0,1%* is the language not presenting the
words 1111, 0010, 00100. The domains in elementary CA
73 show a complicated interaction, except for the pattern

01105 13W32W that consists of the coalescence of the patterns

e1 5 13W ande2 5 32W. Figure 7~b! shows the same space–time
pattern as in Fig. 7~a!, filtered as to show~as black dots! the
sites where the patternse1 and e2 appear. When thee1e2
pattern is formed, it behaves as a rigid wall that severs the
configuration in two independent portions. Whatever hap-
pens between two such rigid walls is independent of the rest
of the configuration. Figure 7 shows first the appearance of
one and then of other two of these rigid walls. The interac-
tion of the cells at both sides of the rigid wall,•••@0110#ba
and ab@0110#••• , is given by the rulebt11[(bt11)1at

~mod 2!. Nothing can destroy this wall. Once it appears, it
stays forever.
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