Traveling patterns in cellular automata
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A method to identify the invariant subsets of bi-infinite configurations of cellular automata that
propagate rigidly with a constant velocity is described. Causal traveling configurations,
propagating at speeds not greater than the automaton rhnge, are considered. The sets of
traveling configurations are presented by finite automata and its topological entropy is calculated.
When the invariant subset of traveling configurations has nonzero topological entropy, the dynamics
is dominated by the interaction of domains, composed of traveling patterns of finite size. The sets
of traveling patterns and domains are presented by finite automata. End-resolving CA are shown to
always have sets of traveling configurations that are spatially periodic with zero entropy, except
possibly for traveling configurations at top speed. The elementary CA are examined exhaustively

along these lines. €1996 American Institute of Physids$1054-15006)00603-9

In the two-dimensional space-time plots that represent
the evolution of a one-space dimensional cellular automa-
ton (CA), the human eye readily discerns considerable
structure and pattern. Often the pattern contains easily
visible “particle-like” objects, localized regions of finite
spatial extent in which a particular configuration (or set
of configurations) persists and propagates through the
space-time plot. These objects are reminiscent of the
spatially extended solitary waves in nonlinear continuum
equations. Combining concepts from the theory of com-
putation and formal languages with those on dynamical
systems, we identify and study a particular class of per-
sistent, spatially extended objects which travel rigidly at
constant speed: we call these tropons. Understanding the
dynamics of these tropons is crucial to understanding the
full dynamics of the CA in which they occur and hence is
important to potential applications of CA, including fil-
tering.

I. INTRODUCTION

length configurations conforming the domains are termed
patterns. The central role of domains, in the sense of dynami-
cal system theory, is studied in Ref. 6 in the framework of

the theory of computation. Techniques for the identification

of dynamically relevant domains are applied to a particular

automaton in Ref. 7. Here, we characterize patterns and do-
mains that travel rigidly at a constant speed in automaton
configurations.

To be relevant for the automaton dynamics, domains ap-
pearing in a CA configuration must be persistent in time and
in space. Two necessary conditions for this to happen are the
following. First, time persistence means a long lifetime for
domains. So, the set of patterns that build up the body of
domains must be in the language associated to souaei-
ant subsebf configuration spac®Second, for space persis-
tence, the invariant subset must have nonzero topological
entropy. Indeed, any invariant subset is included in the limit
set of the automaton, if it has a nonvanishing topological
entropy we are sure that the invariant subset under consider-
ation samples an important part of the limit set. These two

From computer phenomenology it is known that the dy-conditions for dynamical relevance of domains were intro-
namics of certain cellular automata is dominated by patternguced in Ref. 6 under the names of temporal invariance and

that behave as interacting particled. Sometimes the
particle-like patterns behave as kihkgith diffusive motion.

spatial homogeneity, respectively. When they are fulfilled,
domains in the automaton configuration will be persistent in

In some other cases they are just small defects on a fixetime and in space.

background, traveling at a constant spé&dbjects more
complicated than

To identify the invariant subsets of traveling configura-

particle-like defects are extendedions that satisfy the criteria for dynamical relevance we look

domains,~’ appearing with almost any length. Intuitively, at the defining presentation of the automaton. A cellular au-
domains are blocks of cells presenting configurations with domaton is a mag: X— X, defined over configuration space
persistent, e.g., particle-like, behavior under the CA dynamX=2ZZ by a block functionf, :Zk—Z, that maps words of
ics. Generally, domains in an automaton configuration interlengthL to symbols in the alphab&t,={0,1,...k—1}. The

act through their, not necessarily short, interfaces. The finitéength of blocks forf, is the odd integet. =2r+1, andr is

CHAOS 6 (3), 1996

1054-1500/96/6(3)/493/11/$10.00

© 1996 American Institute of Physics 493

Downloaded-12-Jul-=2002-t0-148.224.6.70.-Redistribution-subject-to-AlP-license-or-copyright,~see-http://ojps.aip.org/chaos/chocr.jsp



494 Urias et al.: Traveling patterns

the range of the automatdnlf we are able to identify an tropons. The algorithm presented in Sec. Ill works fine for
invariant subset from the defining presentation of the auany cellular automata and provides a transducer that presents
tomaton, the dynamics within the domains would be underthe restrictionf|sy of the automatorf to the setS,.
stood and the domains could be filtered out of the game, Once we have found the invariant set of traveling con-
leaving only their interfaces. The unknown part of the dy-figurations,S,, tropons are filtered by a cellular automaton
namics then resides just in the play of the interfaces. So, wg:X— X, defined by the block functiop, :ZE—Z, such that
proceed in two steps. First, we identify invariant subsets ofp, (e)=0 if e is a tropon and it is the identity, (€) =id, (e)
positive topological entropy; the patterns that conform theptherwise. When an automaton configuratimnis seen
domains are in the associated language. Second, we Cofhrough the filter as the configuratias{x), any tropon from
struct the filter that eliminates from the game all the patterns/(S ) that is present i is mapped to a null pattern. In Sec.
belonging to the languad8.This we do for the subset of |iI, we explain how to present the filtep as a transducer.
configuration spac that is invariant and collects all the Dynamics is further reduced by a simple boost of the au-
automaton configurations that slide rigidly under the actionromaton as to see tropons at rest. In the Appendix, elemen-
of the cellular mapf. This invariant subset is the set of tary cellular automata CA are analyzed exhaustively in terms
traveling configurations off. The language that is of tropons.
associatefito the set of traveling configurations contains all Finally, we consider some particular cases. Configura-
the patterns that, when appearing in any CA configurationions that are the bi-endless repetition of a unit pattern of
will travel with constant velocity, during all of its lifetime. |engthA>0 are eventually periodic. But, if such a configu-
We call these patterns tropons. To fix ideas, we must menation is a traveling one then it is periodia time). The ratio
tion that soliton-like patterns, discussed in Ref. 11, are th@f its time periodT to its unit pattern |ength is an integer
special type of tropons that do not interact, i.e., soliton-likeindependent of the automaton rule. The sets of these travel-
patterns are tropons that travel without colliding. Here, weing configurations always have zero topological entropy, and
do not distinguish tropons by their interactions. Finally, do-the corresponding language of tropons is dynamically irrel-
mains are tropons with the particularity of having both endsevant for the automaton. For the important class of end-
matched to nontropons. Hence, the domain language is @solving CA we prove a theorem in Sec. V stating that they
subset of the language of tropons. To illustrate the termsave invariant subsets of traveling configurations with
introduced so far, consider the left shifthat corresponds to  speeds slower than the range of the automadrir, that
the elementary CA with standard number 170. For the |efbre Spatia”y periodic with zero t0p0|ogica| entropEnd-
shift o the set of traveling Configurations is the whole of re30|ving CA were first introduced by Hed|uﬂdhey are a
configuration space, the language of tropons is the set of alley element in the cryptosystems engineered by Gutdtvitz
possible strings oiZ,, and the language of domains is the and random walks of topological defects in end-resolving
empty set. CA are studied in Ref. 14. The theorem we prove in Sec. V
For an automatorf, the invariant subset of traveling explains the empirical remark made in Ref. 14, that domains
configurations with velocityv is the largest subse§,, of  are rarely seen in end-resolving CA. In order to prove the
configuration space, such that the restriction of to S,  theorem, first in Sec. IV, apparently dissimilar properties of
behaves as theth power of the left shift, i.e., CA are proved to be equivalent to the end-resolving

9
f|SV(X) = g'X. (1) property:

By def_|n|t|on, a traveling configuration has positive velocity Il. GRAPH PRESENTATIONS OF CA
when it advances to the left.

A given automatorf of ranger can show up traveling Several types of finite state machifiebave been used
configurations with arbitrarily large velocities. However, in- in the literature to emphasize different aspects of cellular
formation does not propagate faster than the rangéthe  automat&:*°=2%|n this section, we review very briefly the
automaton and the appearance of configurations that doasics we will need of transducers. For a thorough discussion
travel faster thamr is rather accidental. We will limit our- of the application of transducers to cellular automata, see
selves to consider justausaltraveling configurations, with Ref. 6.
speeds not greater than the automaton’s rangehis is the The idea behind transducers is to present by means of a
top speed for causal traveling configurations. TheSeis  directed graph a function that maps words from a language
invariant and the uniokJ;,| <, S, is the set of all the traveling to words in another language. The advantage of transducers
configurations off. For the elementary CA the only speed is that simultaneously they provide a presentation of the do-
values allowed ar¢y|<1. main and image sets of the function. We will make an ex-

In Sec. I, we briefly review the presentation of cellular tensive use of this dual property of transducers.
automata by transducers in order to derive in Sec. Ill a gen- A cellular mapf:X— X is defined by a block function
eral algorithm to find the invariant set of traveling configu- f, , with domainzj. So, to computé(x) one has to scan the
rations S, and its associated regular languages of troponsgonfigurationx, block after block, i.e., one needs to replace
Z(S,), and domainsZ(S,)C.#(S,). The topological entropy by a sequence of overlapping blodksHence, part of the
of S, is computed? When it is nonzero, the associated lan- description off is advanced if configurations dfy are en-
guage #(S,) will provide a dynamically relevant set of coded as configurations on a larger alphabet consistitg of
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u———v 2
f (e
L FIG. 2. Thef-transducer for elementary CA 106. This automaton is right

resolving with permutations(11)=y and w(ab)=id for ab#11; where id

FIG. 1. An edge in thé -block encoding graph. The edge= (7 represents S the identity andy is the exchange defined ovig, 1.

aworda, _4---ag of lengthL, withu=a, _,---a; andv=a, _,'--ay. The

symbolsa; in the shaded cells are the samediov, ande. In the transducer

7t . the edges are labeled by the block-functign(see Fig. 2 For instance, the vertex path 132 in Fig. 2 corresponds to the

word 0110. Edges represent 3-blocks 85 e.g., the edge

e=7= 3—§represents the word 111. The edges are mapped to
symbols. Each symbat in the new alphabet represents aedge labels by, , 9-9-,f|_(3_§) = 0 in Fig. 2. The edge lan-
word of lengthL. After the L-block encoding, the -block guage presented by5(2) is a 3-block encoding of0,1}*.
function f_ reduces to a function that maps single symbolsgg, instance, 0110 is encoded by the edges as 36.
from Z,. to symbols inZ. The scheme just described is  For g transduce?; , the bunch of vertices, together with
realized by transducefs. their edge labels, that are fastened together as incoming

~ The L-block encoding oiX is done with the help of @ eqges to a vertex is called the incoming bouquet,(v)
directed graph:s| (k) with vertices labeled by words of reaching vertex v formally Bo(v)

lengthL—1 and edges connecting pairs of vertices iff they _ {[u,f (G5)]|Go e 7). Similarly, the bouquet stemming
are labeled by words that overlap over a length2. Figure ot from the vertex u is defined as BoufU)

1 shows this overlapping condition on two womdsindv as  _ {[f.(05),0]|TD e .7¢}. For instance, thé transducer on
vertex labels to be connected by the edge= Gv in the Fig. 2, presenting the elementary|f|=106, has
L-bIocE)er!coding graph7 (k). The symbole identifies the 2:-(3)=1(1,1),(3,0} and. %,,(1)=1(1,3),(0,2)}.

edge Uv in the graph .7, (k) and represents a word The domain of a cellular mapcan be restricted to some
a -1 2,8 Of lengthL, with symbolsa; e Z,.. Notice that  gypsety X, of configuration space. In this case the set of
we are numbering the symbols in a word from right to left configurations presented by the edges offtiyetransducer is
and we shall denote bg|; the symbola; implicit in €. the plock encoded domaliof f| . The image of, f(Y), is
Hence, every vertex ity (k) has exactly incoming edges,  the set of configurations presented by the edge labels df the

as well ask outgoing edges. In every case, two edg®s,  (ransducer. Keep in mind thatlgesandedge labelsre two
and uw, that are rooted at the same vertexare distin-  ifferent kinds of objects.

guished by the rightmost symbol, i.€5|, # GW|q for v #w.
The sefE = Z,. of edges ofZ | (k) is identified as the sét:
of L blocks.

The block encoding grapkr, (k) is the skeleton for the The setS,C f(X)CX of causal traveling configurations
transducer presenting a cellular miaprhe block functiorf, of f, defined in Eq(2), is f invariant, i.e.,f(S,)=S,. This
is encoded intds| (k) by attaching to every edgethe label property means that the transducer fbgy provides a finite

f (€). The decorated graph that results is the transduGer  presentation of the se8,, either by the edges or the edge
with output by the edges, and it presents the automatonabels. Indeed, the transducer ffjis is a subgraph of the

. _7Z ; i H
f:X—X=7 as defined byf, . Besides presenting, the  yansqucer presenting the unrestricted automéeng., Fig.

transducer provides a presentation of a verte?< Ianguage,. 3 The subgraph fof|s has the property thahe configura-
edge language and an edge-symbol language in the followin ns presented by itsyedges are thédlock encoding of the

way. The vertex language is the set of words made up Oconfigurations presented by its edge labels

vertex symbols that correspond to a continuous path of ver- The problem of identifying the set of configurations that

tices in t_he grgp_h. The e_dge and edge-symbol languages Favel with velocity v, S, is thus to find the transducer on
defined in a similar fashion. 4

As an example that will be discussed thoroughly in the’ﬁ(s”) as a subgraph ofy . The edges and edge labels of the

Appendix, Fig. 2 shows thé transducer for the elementary subgraph must satisfy the following conditions:
CA 106. The underlying 3-block encoding grapghi(2) is the (). fu(e)=a"(e)=¢€|,_,, |v|=r,

same for all elementary CA, the decoration of the edges is
what makes the difference. The vertices6§(2) in Fig. 2
represent 2-blocks and the vertex language presented by condition (i), €|, is the central symbol of thé-block e
“4(2) is a 2-block encoding of the regular langud@ell*.  and we are using the same symlaoto denote the 3-block

lll. TRAVELING CONFIGURATIONS AND TROPONS

2

(ii): e is part of a closed loop.
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1 1 defines the skeleton graphi(S,) as a subgraph of | (k).
/ We call it the characteristic number of tﬁesy transducer.
OCO 0 1 OCO OCO 0 1 The total number of subgraphs &f (k) is oK — 1, 255 for
\ the elementary CA.
0 2 o The simplest graphs that are relevant for bi-infinite con-
55 1 37 figurations consist of disjoint edge loops. The configurations

presented by these graphs are the bi-endless concatenation of

a single unit pattern. The length of the unit pattern in a spa-

tially periodic x is the smallest integeh>0 such that

(a) (b) (©) a*x=x. A spatially periodic traveling configuration is peri-

odic in time. The time period of is defined as the smallest

FIG. 3. Transducers presenting the sets of traveling configurations for thintegerT such thaifT(x) =X. The time period is given by the

elementany f| =106, numbered by their characteristic num|f. Only the next lemma.

setS, has nonzero entropy. Lemma 1. Let x be a spatially periodic traveling con-
figuration off with unit pattern lengtt.>0 and speeti|>0.
Then, it has periodr =\/(\,|¢]), where f,m) denotes the

function that generates the left shitt, Equation(2) is an  greatest common divisor of the integersandm.

effective definition of a traveling configuration, equivalent to Proof. First, x is a traveling configurationf(x)=o"x,

the one in Eq.(1). Condition (i) is just a convention to with »+0. Then, there exists a positive integérsuch that

eliminate from the transducer presentifig all the edges {T(x)=x. Let T be the smallest such integer. Then, there

that are irrelevant for bi-infinite configurations. This conven-existsn>0, relative prime toT, such than\=|v|T. Since

v=1 v=90 v=-—1

tion normalizes the transducer. _ (n,T)=1 (otherwiseT is not the smallest positive integeit
Introducing  the integers |e|=Z,elk' and follows thatT=N/(\|v|).
|f|=Zef,_(e)k‘e‘, the usual valuation of the cellular mdp The time sequence of spatially periodic configurations
the important quantities in conditiofi) of Eq. (2) can be f'(x) appears to jump back and forth, relativexidout at the
written in modulok arithmetics as end it takes one time perio@ to shift x one unit pattern
9| el !ength)\. The net v_elocity, qlefi_ned as '_the quot_iGsMT, ?s the
fL(e)= P (mod k) and eh_yz[kry}( d k) integer(\,|7]). Spatially periodic traveling conflguratlons are
presented by the simple loops of the transducers,).

(3) The setS, is spatially periodic if it is presented by a graph
The square brackets in E(B) denote the integer part. The consisting of disjoint loops.

condition(i) in Eq. (2) for e to be an edge ¥ (S,) reads Definition 1. Tropons are the patterns in the language
el I ,%’(SV) of gd.g.e labels of the transducer 61(S,). Every ver-
= W}(mod k), (4) tex is an initial as well as an acceptance state.
Tropons are the words built up of edge labé|ge),
in modulok arithmetics. corresponding to paths i#(S,) connecting any pair of ver-
Conditions(i) and (i) are the basis of the algorithm to tices. The language of troporis(S,) is a regular language.
find the transducer fof|sv_ For a given automaton valyé| Domains are the tropons that have both ends connected

and velocity v, Eq. (4) is used to find the set of edges of {0 nontropon patterns in a CA configuration. Not every
(S,) as follows. Forle|=0 to k" —1, if Eq. (4) is satisfied ~ropon is a domain and/(S,)C/(S,), strictly. To be a do-
the edgee belongs to%(S,). The set of edges so obtained is Main, a tropon mus@ start at any vertex6(S,) that has lost
then trimmed as to satisfy conditiofii). The trimming is @t least one incoming edge, respecti¢. So, the set of
done by eliminating the vertices that do not have any outgoyertlcgs that are initial states to define the domain language
ing or incoming edge. The trimming process is repeated untif?(S,) i

the set of edges stabilizes. The required number of repeti-

tions to stabilize the set of edges is always smaller than th&,;={v e £(S,)|300 in < (k) but not in Z(S,)}.
number of vertices of7| (k). Figure 3 shows the transduc-

ers, obtained with the algorithm, that presdfg for the  Similarly, a domain must finish at a vertex 8%S,) that has
three invariant sets of traveling configuratioms; =1,0, for  lost, respect té, (k), at least one outgoing edge. So, the set

the elementary CAf|=106. of vertices that are acceptance states to defi(8,) is
The transducer presentiri@sp is a subgraph ot/ . Ac-
cordingly, we give toS, the valuation Sac=ive Z(S,)|Fow in Z (k) but not in <(S,)}.
|S,|= E_ Cek‘e‘, (5  The initial- and acceptance-state sets are identified by direct
ee inspection of £(S,) against%, (k).
with coefficientsc, given asc.=1 if edgee is in the trans- Definition 2. The language of domaing/(S,), associ-

ducer forf|5y andc,=0 otherwise. The intege®,| in Eq.(5)  ated to the invariant set of traveling configurati@®)s is the
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©:X—X that is defined by the block functiop, :Zk—Z,
such thate, (€) =c. id, (e). The block function igd defines
the identity cellular map, id)=x, and the coefficients,
are retrieved from the integé®,| by the equation

S|
2

Ce=1+ (mod 2). (6)
Hence, the characteristic number $f provides the filter to
make tropons invisible. This is nice, since we do know how
tropons behave. If we see the configuratiorthrough the
filter as ¢(x) we see the actual configuration only at sites
where the patterns are not tropons. Figutb) shows the
space—time pattern of Fig.(@ filtered with |S;|=55 [see
Fig. 3@].

For sets of traveling configurations with large values of
the entropy, e.g., the elementdfy=106, randomly gener-
ated configurations present a high density of domains. In the
case that#0, the presence of domains imposes an overall
drift velocity to the space—time pattern generated from any
random initial configuration. The global drift is eliminated
from the dynamics by a simple boost. The auto-
maton f=o¢""f is a boosted version of; boosted to the
velocity —v, as to compensate the drifting introduced by
domains of velocityv. For anyf, the boosted automatan
can be encoded using blocks of length=L + 2| v|.

The natural generalization of a traveling configuration is
a coherent succession of traveling configuratiéamslock).

We say that the configuratione X belongs to a traveling
flock of the CAf if

f7(x)=o"X. (7)

The duration(number of different successive configuratipns
and speed of a flock are the smallesind ||, respectively,
that satisfy Eq(7). A flock is then the set of configurations

B(r,v)={xV=f(x)][i=0, ,7—1;x=x?;f7(x)=0"x}.
8

The flock B(7,v) slides rigidly with velocity v under f,
fB(r,v)=0"B(r,v). As for configurations, we say a flock is
spatially periodic if its configurations are formed from a unit
) ) ) _pattern of length\, defined as the smallest positive integer
FIG. 4. (a) Space—time pattern for a single interface between two semi- h thatox= f in the flock. Th t of all
infinite traveling domains withv=1 for ECA 106. Time runs downwards. suc . ato"X=X, tor everYX In the Tlock. eseto _a
(b) The tropons are identified and filtered out to zero with the filter of traveling flocks of velocity » of an automatonf is
characteristic numbds,|=55. A4,=U,B(r,v). The extension of Lemma 1 to flocks follows.

Lemma 2. Let B(7,v) be a spatially periodic flock of
automatonf, with unit pattern lengti\>0. Then, it is peri-

edge-labellanguage accepted by the transducer 6¢s,)  ©dic in time with time periodl = 7A/(\,[v]). o

with 3, the set of initial states anBl,. the set of accep- Proof. Let {=f" and letm be the smallest positive inte-

tance states. ger such thatf™(x)=x, i.e., my=n\ for some integem
The space—time pattern in Fig(@his a 210<210 patch ~ Such thatn,n) =1. It then follows tham=N/(v\). The time

of the evolution of the elementaff|=106 from an initial  Period ofx is T=mr. i.e., T=7M/(v\).

configuration prepared by tying together, ia 1 in be-

tween, two semi-infinite traveling domains, generated as rans

dom walks in the graph fof5;, shown in Fig. 8a). The 'IV. END-RESOLVING CA

single interface in Fig. @) goes growing as it travels to- They were introduced by Hedluricthey are a key ele-

wards the left side. For details see the Appendix. ment in the cryptosystems engineered by Gutowitand
Next, we explain how to filter tropons off the space—random walks of topological defects in end-resolving CA

time patterns. For a given s8t, the filter is a cellular map have been studied in Ref. 14. In the next section, the invari-

space {b)
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498 Urias et al.: Traveling patterns

ant subsets of traveling configurations and flocks are charadABLE I. Characteristic numbers of the sets of traveling configurations, of
terized for the important class of end-resolving cellular r:lu_the |nd|cat_ed ve_:locme_s, for all the end-resolving elementary CA. The rules
But fi in thi . defi h d are organized in equivalence clasg&ef. 23 of the group generated by
tomata. But first, in this section, we define t em a.” proy(?reflection ¢) and conjugacyd). A letter L (R) means that the correspond-
two lemmas that are necessary to characterize their travelingg automatiorf is left resolving(right resolving. The topological entropy

configurations. h of the sets is zero, except as indicated.
In the literature one finds several definitions to describe
the same end-resolving property of a block function. The

|f] end v=1 v=0 v=-1

following lemma establishes the equivalence of four defini- 15 L 90 36 0
tions that are apparently dissimilar. 85(:% T (1) g? 9;)
Lemma 3. The next four statements about the block  gg) R 1 37 1
function f| are equivalent. 135(c) L 128 164 128
. ) 149(b) R 128 164 128

(@ Letf (e)=a and let the 2-bloclab appear in the im- 45 L 104 22 0
age off,f(X). Then, there is just one cell valws= Z, 75(c) L 22 104 0
such thatf, . ;(ec)=ab. In this case we say thd{ is 89(b) R 0 104 22

right resolving 101(2) f 10% zi 1011

(b) Let m(w) map thg(L—l) blockw to a p_ermu?atign of 102() R 1 1 105
the cell symbols irZ, . The block functionf, is right 153(b) R 128 128 150
permutingif f (wa)=m(w)a. 195(c) L 150 128 128

(c) The block functionf, is presented by ah transducer 90 LR 1 105 1
: : 165(c) LR 128 150 128

such that at every one of its vertices all of the outcom- 105 UR 26 90 36

ing edges are labeled differently, i.ef (00) 106 R 55-) 1 37

# f_(0wW), for v #w. Equivalently, for every vertex 120(r) L 37 1 55-)

of .7%, an edge label does not appear twicez,(u). 169(c) R 236-) 128 164

(d) The block functionf, is presented by ah transducer; 2250) L 164 128 236-)
,, o : : ) 150 LR 129 165 129

I, of disjoint incoming bouquets, i.e., 154 R 139%) 129 129
Tin(U)N. T (v) =, for u#v e.7%. 166(c) R 209+) 129 129
. . 180 L 129 129 13
Proof. (8=(b). Let f_ be right permuting ancab a 210((?; L 129 129 20&%
2-block appearing irf(X). Then, there exists @ +1) block 170 R 25%+) 129 165
c’(wc) such that f (c'w)=a and f (wc)=b. But 240() L 165 129 255+)
f (wc)=m(w)c=Dh, i.e., the cell symbot is unique. This

i ) . & —) h=0.694 238, (+) h=1.0, (*) connected loops withh=0, (r)
shows thaff, is right resolving. Next, let be right resolv-  —refiection, £)=conjugacy, b)=the composition of andc.

ing. Then, forabe f(X) and f (e=c’w)=a there is only
one ¢ such thatb=f (wc), i.e., for w fixed, the resulting

mapc—b is a permutation. This shows thit is right per- End-resolving CA are easy to find among the linear au-

muting. tomata. An automatohis linear if its block function is given
(b)=(c). Let f_ be right permuting: f (07v) by

= (u)Uv|y. Together with the property of block encoding L

graphs, the skeleton of;, thatUo|, # Uw|q for v #w; we fL(€)=Co+ S, Ciel;(mod k) 9)

conclude thatf, (o) # f,_(0OW). Next, letf, be as in(c). . 0 e T '

Then, for a fixed vertexu, the assignment, (0o)— o],
implied in.7; is a permutation of cell symbols.

(c)=(d). Let f, be as in(c) and let [w,f (WU)]
e Zn(u) and[w,f (WD)] € B(v) for u#v. Then, given
that f (wu) # f_(wWpo), we conclude that.%,,(u)
N.%,(v)=. Next, letf, be as in(d) and let the vertexv
appear in Z,(u) and %, (v) for u#v. Given that
LBo(UW)N.Z(v) =T, we conclude thaf, (wl) # f (Wp),
for u#v.

In the set ofk" " linear CA, ¢(k)k" of them are left resolv-
ing (the function¢ is Euler's. They are the linear CA with
coefficientC, relative prime tok, i.e., such thatC,,k)=1.
Similarly, there arep(k)k" linear CA that are right resolv-
ing. They have coefficien€, such that C, ,k)=1. Linear
CA with both coefficient$C,; andC, relative primes tk are
resolving at both ends.

Table | is the complete list of elementary end-resolving
) ) ) CA. The second column indicates whether it is a rigR} or

An example of right-resolving CA is the elementafy .ot (1) resolving automaton. The 16 elementary CA with
=106, presented by tL_hieltransducer shown in Fig. 2. Right- rule numbers that are multiples of 155n, n=1,...,16 are
resolving CA are k!)*" ~ in number. Left-resolving CA are the left-resolving elementary CA. All the sets of traveling
defined to have a block furccftlion given ly(aw) =m(w)a.  configurations of the end-resolving elementary CA are spa-
Left-resolving CA are k') ~ in number also. A lemma tially periodic, except for those marked with-), (+) and
equivalent to Lemma 3 holds true for left-resolving CA. One(*) in Table I. The sets marke@) are not spatially periodic
just replaces “right” by “left” and exchanges “leaving” but still have zero entropy. They are presented by graphs that
and “incoming” in Lemma 3. have singly connected loops.
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The property off being end resolving is preserved by Since all the edges; have the same root vertex the sym-

the composition of with itself. bol g],_,=b is the same for every if v<(L—1)/2=r.
Lemma 4. Let f be end resolving. Then, for>1, " is Hence, condition in Eq(11) is 7(u)e;|o=b, with symbolb
end resolving. fixed. The condition always has a unique solution égg,

Proof. (right-resolving CA. Let f be right resolving. First, i.e., only one of the edges that outcome framin the
we prove thaf? is right resolving. Iff| is the block function  f-transducer survives in the graph presenﬁm. We con-

definingf, thenf? is defined by blocks of length,=2L—1,  clude that all the vertices i%(S,) have just one outgoing

an odd integer: edge. This result is enough to assure ti#8,) is a collec-
FUf (e ) (e)1=F [ (Wi _a - 7(Wa)a tion of disjoint loops.
Lfu(e-y) (€)=l mw-)a - (Wo)2o] In the proof of Lemma 5 is clear that if=r, condition
= m(u)[7m(wo)ap], (100 Eq.(12) for an edge to survive is(u)a;=a; . This condition
where €o=2, 1 -0, e=wa;, and May have no solution, one solution or more than one solu-

tion. For instance, whemr=id the setS, happens to b&,
e.g.,c ando ! in Table I. Lemma 5 is generalized to flocks
by the following.

Theorem (right resolving andv<<r imply spatial period-
icity). Let f be right resolving and let<<r. Then, the set of

The proof for left resolving follows very similar steps. raveling flocks.Z, is spatially periodic. |
Proof. By Lemma 4,f=f" is end resolving. From

Mixed compositions of left- and right-resolving automata do . X :
not transmit any end-resolving property to the composite aut€Mma 5 it follows thatf has a set of traveling configura-
tomaton. For instance, the elementafy=106 is right re- tions, S,, that is spatially periodic. The equivalence relation

solving and the right shift® is left resolving. The boosted ©N S, X~y iff x=f7(y) for somen, identifies flocks as
version off, f= o~ Lof . is not end resolving. equalence.cla_sses B, [see Eq.(8)]. Evidently, they are
spatially periodic.
Equivalent results hold for left-resolving CA. The proof
V. TRAVELING CONEIGURATIONS IN of the left-resolving equivalent to Lemma 5 is quite similar.
END-RESOLVING CA In this case one proves that all the verticesdtS,), for
v>—r, have just one incoming edge. Again, this condition is
The main result of this section is that fori<r, end-  enough to assure that the grapi(S,) consists of disjoint
resolving CA always have nonempty sets of traveling flockdoops, only. The left-resolving equivalent of the theorem re-
and they always are spatially periodic. Fgr=r nothing can  quires thatv>—r. The theorems explain, at least for tropons,
be concluded. the remark made in Ref. 14 that particle-like patterns are
The entropy of spatially periodic sets is zero and thisrarely seen in end-resolving cellular automata.
makes tropons to have a secondéfyany) role in the dy-
namics of end-resolving CA. If an end-resolving CA has ay; cONCLUSIONS
set of traveling configurations with positive entropy, then
they must be running at top Spebdj:r_ Th|S iS the case Of The problem Of f|nd|ng the fu” inVariant Subsets Of
the right-resolving elementaryf| =106 (see Table ), that ~causal traveling configurations for cellular automata was
has a set of traveling configurations with entrdpy0.694  solved with the help of transducers. We showed how to iden-
(and characteristic number b®Besides elementary CA 106, tify the sets of traveling configurations from the defining
elementary CA 154 in Table | has a set of traveling configu-Presentation of the automaton. A general algorithm to find
rations that are not spatially periodic with characteristictransducers to present the restricted automdtgn the in-
number 139. However, all CA in Table | have sets of standvariant set of traveling configurations, and the corresponding
ing configurationsp=0, and they all are spatially periodic. regular languages of tropons“(S,), and domains,
Lemma 5. Let f be right resolving and let<<r. Thenf 9(S,)C#4(S,) was given. Tropons are patterns of finite
has a set of traveling configuratioBs that is spatially peri- length that propagate rigidly with constant velocity in a CA

u=m(w,_q)a ;- --m(wy)ay, is a word of lengthL—1. In
Eq. (10) the productw(u)w(wg) is a permutation that de-
pends on the word of length,—1 that is a prefix of the path
of edgese, _;- -, in the f transducer. That" is right re-
solving follows by induction.

odic. configuration. Domains are special tropons that have their
Proof. (right resolving. We prove that the transducer ends matching nontropons.

presentingf|sv consists of disjoint loops. Let be right re- The criterion for dynamical relevance of an invariant

solving. After Lemma 3 we know that all the edges subset is to have nonzero topological entropy. In this way,

=0p,,i=1,-- kK, stemming out from any root vertexand  the automaton has a nontrivial limit set and the invariant

aiming vertexy; in the transducer7; are labeled according Subset under consideration samples an important part of it.
to f(00;) = m(u)elo ande|o# ¢, fori#j (e.g., Fig. 1. The topological entropy of the set of traveling configurations
By definition of |5 , the only edges fronv; that appear in 1S computed from its presentation.

the transducer presentirfis are those labeled af (07) .Dynamics V\(ithin domains is a simple shift. I.t was ex-
Y e v plained how to filter tropons out of the game, leaving just the
— Silr—vy .C4

interfaces in a CA configurations. A cellular automaton
m(u)elo=¢il,_,. (11 ¢:X— X provides the filter for tropons. When an automaton
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configurationx is seen through the filter as the configuration 1

. L A2
¢(x), any tropon that is present ix is mapped to a null '1;1! g }1
pattern. The filterp was presented by a transducer. Dynam- q")
ics was further reduced by a simple boost of the automaton
as to move along with tropons. The part of the dynamics left
unknown resides just in the play of the interfaces.

We paid special attention to the important class of end-
resolving CA. First, several properties of CA were proved to
be equivalent to the end-resolving property. Then, we proved
that their invariant sets of traveling configurations with
speeds slower than the range of the automaiem, (the top
speed excludedare spatially periodic and have zero topo-
logical entropy This result explains for tropons the fact that
domains are rarely seen in end-resolving CA.

In the Appendix, the criterion of positive entropy is used
to identify all the elementary cellular automata with dynami-
cally relevant sets of tropons.

In conclusion, we have discussed how to understand and
to extract tropons out of the dynamics. Tropons are not the
only type of structure that is dynamically relevant in CA. For
instance, the dynamics of the elementary CA 18 is organized
in Ref. 6 with a very simple domain that is not of the kind we
have discussed. However, we are certain that any insight
towards the understanding of the dynamics of extended ob-
jects will be useful when devising applications of G

R Vv RN
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APPENDIX: TROPON ANALYSIS OF ELEMENTARY
CA 3

1. End-resolving elementary CA space (b

The sets of traveling configurationgv/<1) for end-
resolving elementary CA, discussed in Secs. IV and V, are e
listed in Table I. The table is organlzed in equwalenceFlG 5. (a) Space—time pattern for the boosted automdtenr f, with f

- ; the elementary CA 106. The initial configuration was generated at random,
classes of the group generated by reflection gnd conju-  with equal probabilities for 0's and 1'€b) Same aga) with tropons filtered
gacy (€);2 rules 105 and 150 are single in their respectiveout.
classes. As explained in Sec. V, most of the sets of traveling
configurations for end-resolving elementary CA are spatially
periodic with zero topological entropy. The left and right Sec. Ill. The result is shown in Fig. 3. The null configuration
shifts, elementary CA nos. 170 and 240, respectively, hav@=---000-- is degenerate. It is presented by all three trans-
the whole of configuration spac¢ as set of traveling con- ducers shown in Figs. (8-3(c) since f(0)=
figurations. The seX has maximum entropp=1 and is =¢°0=¢"0. Similarly, the alternating configuratiorisl and
presented by’ itself, with characteristic number 255. Be- 10 = 01 appear both in s&, and seS_j, respectively. The
sides the well known left and right shifts, only end-resolving nontrivial set isS,;, with topological entropyh=0.694 and is
elementary CA Nos. 106, 120, 169, and 225, all of thempresented by the edge labels of the transducer with charac-
within the same equivalence cle@shave sets of traveling teristic number 55 in Fig. 3. This invariant subset provides
configurations with nonzero entropy. We discuss in the fol-an ample sampling of the limit set of the automaton. As seen
lowing the minimal representative, elementary CA 106. in Fig. 5, a randomly generated configuration presents a high

The transducer 0¥ (S,) presentingf|S,, »=+1,0, for  density of domains. The presence of the traveling domains
the elementary CA 106 are obtained by using the methods amposes an overall drift velocity to the space—time pattern
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generated from any random initial configuration. The globalTABLE lil. Minimal representatives of the equivalence classes of elemen-
drift is eliminated from the dynamics by a simple boost tary CA with sets of standing configurations that have nonzero topological
.f.: 0'_1f For anyf of ranger =1 the boosted versiohﬁhas " entropy. The transducers are entered by their characteristic numbers.

block functionfs, on blocks of lengthL=5. To find f, for |f] v=1 v=0 v=—1
every 3-blocke; one produces four 5-blocks by the rule 2 1 550.694 238 1
|es|—|es|=4|es|+n, n=0,1,2,3, (A1) 5 0 540.405 687 0
L~ . 12 1 550.694 238 1

and the block functiorf; is assigned values such that 13 0 540.405 687 0
~ 36 1 230.551 62 1
fs(4ez+n)="fz(es). (A2) 44 121 230.551 63 1
After the boost, the set of traveling configuratipﬁ§ for ;5 (l) Eiggg; 226 (1)
elementary CA 106 appears_as the Sgtof standing con- 76 1 1270.879 149 1
figurations of the boosted mdp Figure 5 shows a 220210 77 0 1260.694 238 0
patch of the space—time pattern of automafofor a ran- 78 1 1250.405 687 1
domly generated initial configuration. The drifting is elimi- 94 1 1090.405 687 L
. i . ; 104 53 910.464 96} 39

nated in both Figs.®) and §b). One just sees domains that 108 1 90,694 238 1
fluctuate in length. In Fig. ®) the domains have been fil- 132 209 1880.694 238 139
tered out to zero using coefficients, retrieved from 140 209 1910.694 238 129
|S,|=55, as explained in Sec. Ill. In the filtered pattern, Fig. 164 209 1510.551 62 139
5(b), domains are shown as white strips of fluctuating width 299 129 2500.551 62 129
d black dots correspond to edges not in the transducer 204 129 2590 129
an P g 232 189 2160.694 238 231

presentingf|s, (see Fig. 3.

Tropons are words it (S;) and domains are the tropons
that have both ends matching to edges not4(S;). The
domain language/(S,) is a subset of4(S;). A comparison
of £(S;) in Fig. 3@ with £ (2) in Fig. 2 shows that the
edges that are missing i#(S,;) are 1333 and 32 Compare

Fig. 3(a) to Fig. 2. The missing piece of the graph accepts thefuses with the domain next to its right as to become a tropon

vertex language---1[3*]2:--, the 2-block encoding of . : :
~-0[1']10-- : the interface language is the expression be_ln a largest domain. Hence, long interfaces, once they are

. produced, either they decay in one time step into a domain or
tween brr_:lckets. The regular Ian_gua@'ecl Is the set of . they become tropons that fuse with the domain next to its
nontraveling patterns that act as interfaces between domai

. . o ht. It means that interf re vulnerable onl its righ
To produce an interface, one exits the graph in Fig) at ght. It means that interfaces are vulnerable only by its right

vertex 1, loops around vertex 3, and reenters the graph éatnd and domains fluctuate in size only by its left end, its

vertex 2. So, for the language of domaifigS,) the sets of 'ght end being pinned.

o - : : So, the most abundant interface in any space—time pat-
initial and acceptance states #(S;) includes just vertex 2 _temn of elementary CA 106 is-0[1]10-- . This short inter-

;‘é )\ieorii)((o%)* ri?ﬁaelf“vz:]y' c;I)-rTfEi: u(:gtrir:)?wlri] r)(l?sng?]aagf 'Sace shows a complicated interaction with tropons. To see
;ce/rnzlﬂing concate.nation %f doxr/nains ?rcims )C Z(S,) with this, we prepared an initial configuration, consisting of two
V=231 semi-infinite configurations, generated as random walks in

the transducer ori#(S;) [see Fig. 8], separated by a 1

interface. A 21210 patch of the evolution of such a con-

TABLE II. The elementary CA that have two sets of traveling configura- figuration is shown in Fig. 4.
tions with nonzero entropy. The sets of traveling configurations are entered

by its characteristic numbé®,| and the entropy value is in parentheses. The

rules are organized in equivalence classes as in Table I.

interfaces from7. However, in Fig. 5 one notices that long
interfaces are not very frequent in the space—time pattern.
This is because in one time step long interfaces either decay
to 010°10 [a block of zeros is a tropon, see Figagd, or it

‘f' v=1 v=0 v=-—1 yl\
56 1090.405 687 1(0.0 55(0.694 238
98(r) 55(0.694 238 1(0.0) 1090.405 687 0 0 3
185(b) 236(0.694 238 1280.0 182(0.405 687 \
227(c) 1820.405 687 1280.0) 236(0.694 233 0 1
57 1080.405 687 0(0.0 54(0.405 687 2
99(c) 54(0.405 687 0(0.0 1080.405 687
172 2440.551 62 1590.551 62 12900.0) 122 v=0
202(c) 1590.551 62 2490.551 62 1290.0 !
216(b) 12900.0 2350.551 62 2150.551 62
228(r) 1290.0 2150.551 62 2350.551 62 FIG. 6. Transducer presenting the set of standing configurations of the el-
184 2370.694 238 1390.0) 1830.694 238 ementary f| =73. The characteristic number|&)|=122 and the topological
226(c) 1830.694 238 2090.0) 237(0.694 238 entropy ish=0.287. The edges of the graph are decorated by the block

function of the CA.
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the other three classes. It is the only class having a set of
standing configurations with nonzero entrdpy0.551.

The other three classes in Table I, with minimal repre-
sentatives 56, 57, and 184, have sets of both(leftl) and
right (v=—1) traveling configurations with nonzero entropy.
Traveling domains having opposite velocities annihilate be-
tween them in a CA configuration, except for degenerate
domains. In all three classes the alternating patterns from the
regular set(10)" are degenerate so that, fortiori, it is a
surviving pattern, creating a checkerboard background where
the few tropons that survive an annihilating transient, either
left running or right running, slide endlessly.

3. Elementary CA with standing configurations

To exhaust the description of tropons in elementary CA,
next we consider the elementary CA that have aSetf
standing configuratione’=0) of nonzero entropy. There are
20 equivalence classes with one sugh Only the minimal
representative for each equivalence dass entered in
Table Ill. Except for the class of the elementary CA 73, the
rest have a very simple behavior: any random configuration
ends up in the se$,. Only elementary CA 73 is worthy of
attention. The transducer 0f(S,) for the elementary CA 73
is shown in Fig. 6. It has characteristic number 122 and
entropyh=0.287. This entropy value is not large enough as
to make ofSy an invariant set stable under perturbations, as
found for the rest of elementary CA in Table IIl. In Figay
we show the first 210 time steps of the space—time pattern
for elementary CA 73 with an initial configuration generated
at random with a very low densit{p.02 of ones. The set of
domains 2(S;)C{0,1}* is the language not presenting the
words 1171, 0070, 00100. The domains in elementary CA
73 show a complicated interaction, except for the pattern

0110= 1332 that consists of the coalescence of the patterns

e = 1_§ande2 =32 Figure 7b) shows the same space—time
pattern as in Fig. (&), filtered as to showas black dotsthe
sites where the patterrs, and e, appear. When the;e,
pattern is formed, it behaves as a rigid wall that severs the
_ configuration in two independent portions. Whatever hap-
FIG. 7. (@ A'2'1.0><210'patch_ of the space—time pattern of th.e elementarypens between two such rigid walls is independent of the rest
|f|=73. The initial configuration was generated at random, with a very low f th fi ti Fi 7 sh first th f
density(0.02 of ones.(b) A filtered version of(a) that marks with a black 0 € configuration. Figure 7 s OWS_ I!‘S € appearance 0
dot the presence of the patterns G113 and 110= 32. When two such dots Qne and then of other tW? of these ”9"?' walls. The interac-
appear next to each other, they become a rigid ia# pattern 0110that  tion of the cells at both sides of the rigid wail;[0110ba
severs the configuration in two independent portions, forever. and ab[011Q]*- , is given by the ruleb'*l=(b'+1)+a'
(mod 2. Nothing can destroy this wall. Once it appears, it
stays forever.

”space - {h>
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