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Let {X,}nen be a stationary process in the finite set (alphabet) A.
Assume that there exists a “good function” ¢ : AN — R and
K > 1 such that for any n € N and a € AN we have

P(Xg = a5)
exp (Zy-o ¥(3))

exp(—K) < < exp(K).

Then this process defines a Bowen—Gibbs measure (BGM)
piy : B(AY) — [0,1] by pylag] := P(XS = af).
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A “good function” 9 : AN — R is one such that

varn(¥) := max{[y(a) — ¥(b)| : ag = bg} < CO"
for some C >0and 0 <0 < 1.

Such function is Holder continuous with respect to the distance
d: AN x AN — R such that

d(a, b) = exp(—max{n € N: aj = bg}).
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A specified subshift S C AN is a closed (with respect to d) and
shift—invariant set, for which there exists ¢ € N such that for each
a,b €S and m, n € N there exists ¢ € S with

m _ _m m+£4+n+1 _ pn
G =ag and ¢,y = by

Example. A primitive matrix M : Ax A — {0,1} (M* > 0) defines
the topological Markov chain (TMC)

AM = {a EAN: M(aiaai+1) =1Vie N} C AN.

It is a specified subshift.
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Theorem (Bowen, Ruelle, and others)

Let S C AN be a specified subshift, and 1) : S — R a Holder
continuous function. Then there exists a unique o—invariant
probability measure i, for which there are constants Py, € R and
Ky > 1, such that

pp[ag)]
exp (Lo ¥(o72) - (n+1)P,)

for each a € S and n € N.

exp(—Ky) < < exp(Ky)
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Example. A stationary Markov chain (X,)nen in A defines a BGM
with potential

Y(a) = log P(Xo = ag| X1 = a1).

In this case
exp(—K) < — 8 = 38)_ < exp(K)
exp (ZJ"):O ¢(JJ a))
with
_ P(Xo = a0)P(Xy = a1) P(X} = ab)
- <nlix ( P(Xg =a5) ' P(Xo=ao)P(Xi = al))
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Memoryless
Yn n - Xn n
{Yo}nen Channel {Xo}nen
QX3 Yg) =TT QX )
Markov chain Observation

The joint process {(Yn, X»)}nen is a regular Markov chain,

IP)((men)| (Yn+1,Xn+1)) :P(Yn| Yn+1)Q(Xn| Yn);

the HMP is the projection on the second coordinate.
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A letter projection 7 : B — A (many—-to—one) and a regular
Markov chain {Y,}nen in B define a HMP

s

(R BY, puy) (S c AV v)
t t t f
TMC Markovian Sofic Gibbsian?

Here
P((Yo', Xg) = bg) ~  pylbo]
P(X§ =ag) ~ v[agl:= Y  pylbg]

bjen—1{ag}

with ¥ (b) = log P(( Yo, Xo) = bo| (Y1, X1) = b1)
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Simplifying framework

(BM C BN,,U,w) (AN C AN,I/)
t f t t
TMC Markovian TMC Gibbsian?

Edgardo Ugalde Lumped Markov chains



Gibbs measures

Preliminaries EIMGlas|projections

Results
To be done

Ansatz for the potential
Perron—Frobenius theorems

For each aa’ € A x A such that N(a,a’) = 1 (admissible in Ay)
define M, : 77 {a} x 771{a’} — [0,1] such that
M (b, b)) = e?BY) = log P(( Yy, Xo) = b| (Y1, X1) = b)),
and A, : 7~ 1{a} — [0, 1] such that
Na(b) = py[B].
With this :
1o =, | [T Masia | s,
j=0
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Ansatz. Suppose v is a BGM with potential ¢ : Ay — R
(v = vg), then the Gibbs inequality

exp(—Ky) < %.[aO] < exp(Ky)
e (o o(c9a) — (n+ 1)P,)
suggests
n+1
¢(a) = lim log <V¢[a‘,’,+1]> ~ lim logP(Yy = ao| Y{" = af)
n—oo V¢[a1 ] Nn—00
. ]jlo <H_]n=_01 Maiai+l) Nan
#(a) = lim log

— -1
s ]jll (Hj:l Maiai+1) Nan
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For each a € A let

A, ={xe(0,1)" & |x|; = Z xp =1
ber—1{a}

For aa’ admissible in Ay, the matrix M, is row allowable if for
each x € A,
Mz x

—=— € A,.
|Maa’x|1 °

Faarx :=

Edgardo Ugalde Lumped Markov chains



Gibbs measures

HMC as projections
Ansatz for the potential
Perron—Frobenius theorems

Preliminaries
Results

To be done

Assuming M, is row allowable for each aa’ admissible in Ay,
then our ansatz for the potential ¢ : Ay — R,

]Jl;o (Hjnz_ol Mai3i+1> Nan
#(a) = lim log —
e ]le (Hj:l Maiai+1> Nan

can be rewritten as

¢(a) — |Im |Og (ﬂloMaoal F3132 OR S aC Fanflan Xan) 9

n—oo

with x; := N, /|N,|1 for all a € A
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Let M : E x E/ — R*. Define
A =<{xe€(0,1)E: |x];:= er =1,
ecE

and similarly Ag/. Supply Ag with the distance

XeYF
o) = | <
e(x,y) paxdee (Xfye> ;

and similarly for Ag:.
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Suppose M : E x E' — R™ is row allowable, i. e.,

Fx := Mx € Ag foreach x € E'.
\Mxh
Then define
1—/o(M)
T(M) i = —F——==,
(M) 1+ /P(M)
with
/ !
min MeWMF) o
d(M) = lses M(e, fYM(f,e')
0 if T>0.
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Theorem (Contractiveness?)
Suppose that M : E x E' — R™ is row allowable, and let
F : Agr — AEg be such that

Fx : M

= m fOI’ each x € AE/.

Then, 6e(Fx, Fy) < 7(M)dg:(x,y), for all x,y € Ag:.

2Adapted from Seneta
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Theorem (Perron—Frobenius®)

Suppose that M : E x E — R is primitive i. e., it exists { € N
such that M® > 0. Then its maximal eigenvalue py is simple, and
it has unique right and left eigenvectors, vy; € Ay and wyy such
that W)\L/, vm = 1 respectively. Furthermore, for each x € Ag there

exists a constant C, such that

_ n/t n/¢
e~ Gty (WLX)/)’,\'/,VM < M x < &7 (W}\L/,x)p',\'ﬂvM,

for each n € N.

3Adapted from Seneta
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Corollary (Convergence)

Suppose that M : E x E — R™T is primitive, let vy; € Ag be the
unique right eigenvector associated to the the maximal eigenvalue
of M, and define F : Ag — AEg as before. Then, for each x € Ay
there is a constant C, such that

Oe(F°"x, vy) < CXTL”/EJég(X, vm),

for each n € N.
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The potential at periodic points.

s

(BI\/I C BN’Mw) (AN C AN?”)

Suppose that for a € Perp(Ay) the matrix
Mga = MaayMayay -+ Ma,_, 4, is primitive. Then,

¢(a) = Iog(lMaoal V08|1)7

where v,; € A, is the unique eigenvector associate to the
maximal eigenvalue of M, ,.
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™
(BN, 1) = (AY, 1)
f t
Full shift Full shift
Markovian Gibbsian!

~~Finite range potential

Edgardo Ugalde Lumped Markov chains



Full support

Topological Markov chain
The entropy

Lost of gibbsianess

Preliminaries
Results

To be done

Let S ¢ BN be a subshift. The potential ) : S — R is of finite
range if there exists r € N such that

Y(b) = ¥(c) whenever by = ¢g.

The minimal such r is the range of the potential.

A Markov measure a BGM for a potential of range r = 1.
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Theorem (Full shift version)
Let ¢ : BN — R be a finite range potential, and = : BN — AN a
letter—to—letter projection. Let ., be the unique BGM measure
associated to 1. Then, measure v = jiy, o 71 is a BGM associate
to the potential ¢ : AN — R such that

¢(a) = n||—>n<;o log (’Maoal Fa132 ©@cec@ Fanflan Xanll) )

for each a € AV,
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Sketch of the proof for r = 1.

» Each elementary cycle ¢ € Uﬁi;lAm defines a positive matrix
le[—2
: .1 -1
M= [ Meey, i 7 Heo} x 7H{co} — RT.
i=0

» The transformation F. : Ao, — A, corresponding to the
matrix M. is a contraction with (projective) contraction
coefficient 7. € (0, 1).
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» To each a € AV it corresponds a sequence of elementary
cycles c@c) ... so that

a=a [,(O)C(m,m)} [,mc(l)r(n} {,(k)cmr(k)} o

with (M) p(n) ¢ A#A+L

» For each k > 0, the linking map F ) : Ac(k+1) — Ac(k)
0 0
corresponding to the product matrix

=1 (k) -1 [ (k+1) +
Mcék)r(k)/(k+1)cék+1) o {CO } X T {CO — RO )

is non—expansive. The same holds for the ending map
Fio : Do = Bay.
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> Let
Xn = Fyo) 0 F 0 © Fy) 0 0 Fy—1) 0 F iy 0 Foy © R Xay,
where k = |n/(#A+1)] and

R,:=F; oFay_1a, : DBa, — As,

k(#A+1) Fk(F#A+1)+1 (#A+1)

is the n—starting map, which is also non—expansive.

> The sequence {xp}n>#a+1 in A, satisfies

c elementary cycle

k
02y (Xny Xm) < C < max TC) ,
for some constant C.
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» With this we have
¢(a) :== lim log(|Maya,xn|1) exits.
n—oo
Furthermore, there exists C' > 0 and 0 € [0,1) such that

|6(a) — 8(3)] < C'0",

for each 3 € A" such that aj = 35.

» Finally, the Ruelle-Bowen Theorem implies that if

- mon ()

exists and is Holder, then v = v.
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Theorem (TMC Version)
Let By be a specified TMC and 7 : B — A a letter projection.

Suppose that for each aa’ admissible in 7(By), the matrix

M,y : m=Ha} x 77 1{a'} — {0,1} such that M, (bb') = M(b, b')
is row allowable.

Let pu: B(Bpm) — [0, 1] be a Markov measure, and suppose that for
each a € Perp(m(Bpm)) with 1 < p < #B, the product matrix

M, = Hf?:_ol Mz, : mHa} x 771{a'} — [0,1] is positive.
Then there exists a primitive matrix N : A x A — {0, 1} such that

m(Bm) = An, and a Holder continuous potential ¢ : Ay — R such
that v = o' is the BGM associate to ¢.
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The proof follows the same idea, and the induced potential is given

by
v[ag]

¢(a) = lim Iog( n)

(@) n=00 v[af]

| 1, (T2 Maan ) Mo,
lim log —
e\, (T2 Mas ) N,
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(Bwm, 1) = (An,vg)
f t
TMC TMC
Markovian Gibbsian!

+ hypotheses

Under the hypotheses of one of the previous theorem, the entropy
of the induced measure vy := o 71 satisfies

Pt p(ola
ZaePerP(AN) ¢(a)ezj:o ¢(o’a)
S éloia)

hy,(0) = — lim
—00
° ZaEPerP(AN) €
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Notice that
¢(a) = Iog(‘Maoal VUa|1)7

where v, € A,, is the unique eigenvector associate to the
maximal eigenvalue of My, := Ma 2, Mayay -+ Ma,_, .-

Furthermore, we can find constants* C > 0 and 6 € [0, 1) such
that

Pt p(oia
ZaGPerp(AN) ¢(a)ezj:0 #(o’a)
SP ¢loda)

hy, (o) + < CoVP.

ZaEPerp(AN) €

4Adapted from Ramirez—Chazottes—Ugalde 2005
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Example

Ch——0—@&-
| CN@—»@@

0 gl l—y—-06 0

M= 1/2 0 g8 1/2 -8
S| 12-8 1/2+8—« 0% 0
8 1/2—8 0 1/2
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The matrix M is double stochastic, it defines a Markov measure
in Aps. The induced measure is not gibbsian since

(2v+1)/4 if nis even,

on R
[ Moo FogXol1 = { v/(2y+1) if nis odd.

Hence, for v # 1/2, the value ¢(0000- - -) cannot be defined.
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T
(Bm C B, piy) (S c AV v)
f f i i
TMC Markovian Sofic  Weak Gibbs
N T N
(B »Mw) . (A 7V¢)
f t
Full shift Full shift
Gibbsian Gibbsian

Edgardo Ugalde Lumped Markov chains



Preliminaries
Results

To be done

iMuchas Gracias!

Presentation on line at
http://www.ifisica.uaslp.mx/ ugalde
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